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PRETFACE

This book is the sequel to ““A Year of Algebra,” and is de-
signed for use in the second or third year of the high-school
course.

In common practice the mathematics courses in high
schools require a year of geometry following the first year
algebra, but this book does not assume a knowledge of
geometry; it may follow ““ A Year of Algebra’ in a continuous
study of the subject through a year and a half or two years
as required in some schools.

The first chapter of this book provides for a thorough
review of the essentials taught in “ A Year of Algebra.” The
extent to which this chapter will be used is left to the dis-
cretion of the teacher. Many of the examples should be
worked orally during the first few days of the term. In this
way the pupils revive their knowledge of algebraic facts and
principles, and renew their habits of thinking in algebraie
terms; while the teacher has an opportunity to study the
preparation and power of his pupils and to decide where his
teaching should begin. _

In planning and organizing the material of this course the
authors have drawn from a teaching experience of many
years, following the general plan of ““A Year of Algebra.”

1. All new topics are introduced by carefully chosen, sug-
gestive illustrative examples.

2. The problems are carefully graded, and, where teaching
experience suggested the desirability, helpful hints and sug-
gestions point the way, so that the student need never feel
the discouragement of the proverbial blank wall.
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3. Asin “A Year of Algebra,” the provisions for review
are frequent and extensive. The few especially apt students
may not need all of these, but those in the weaker half of any
class need abundant review practice.

4. The lists of verbal problems, problems that are to be
translated into equations and solved, are large and diversi-
fied. These challenge attention and foster lively interest
throughout the course.

5. The knowledge and use of logarithms is presented as
early as possible, and the application of logarithms is made
attractive. All must recognize the great practical value of
this work.

6. Both teacher and student will find that it is seldom
mecessary to work all of the examples in an exercise before
the rules and principles are mastered.

—THE AUTHORS.
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SECOND COURSE IN ALGEBRA

CHAPTER XI
ESSENTIAL REVIEWS

132. Symbols. Brevity of expression is obtained in
mathematics by the use of symbols. In general, such symbols
may be classified according as they are used—

(1) to represent number or quantity,

(2) to indicate operations and establish relations.

In arithmetie, the digits of the so-called Arabic notation
(more properly called the Hindoo notation, for the char-
acters and the place system were probably invented by the
Hindoos), 1, 2, ... 9, stand for particular and definite
numbers. Such numbers may be known as arithmetical,
Arabic, or Hindoo numbers. Similarly in the old Roman
notation the capital letters were used to represent particular
numbers.

The simple formulas used in arithmetic, such as A =lw,
i=prt, and C=2zr, introduced to the student the idea of
representing general numbers by the use of the letters of
the English and other alphabets. Numbers represented by
letters are known as literal numbers.

It is often convenient to represent distinet numbers of the
same general group by the use of subscripts, such as r; and
73 (read “r sub 1 and r sub 2”) for the radii of two circles.

Exercise. Let the student make a list of all the symbols
of operation and relation that he has met so far in his study
of mathematics, naming each and illustrating its use.

241



242 A SECOND COURSE IN ALGEBRA

133. Definitions. An algebraic expression, or simply an
expression, is any combination of symbols that represents a
number or operations on numbers. The following are ex-

: 3a* by
pressions: 2ab, a+b, 23+ 32*y+3xy* -+, and =5 l'ffl .
Thry:z

A term is an expression not separated by the signs 4 or —

and representing a single number or quantity. The following

3a’h ;
are terms: 2ax, 36z%, 7—‘], and (a-+b) which we read as

a
xyz
“the quantity a+5.”

Like or similar terms are terms that have the same literal
parts, such as ab, 2ab, and 7ab, or 3a*v, 12a’r, and 77a*z, or
2(a+b), 5(a+Db), and 25(a+0).

Define and write an illustration for each of the following:
exponent, coefficient, monomial, binomial, trinomial, poly-
nomial, equation of condition, identity.

In such a term as 21abxy, 21 is called the arithmetical or
numerical coefficient of the literal part, abxy. It should be
recalled that ab is the coefficient of 21xy and that 21y is the
coefficient of abz.

When we wish to represent the idea that two numbers are
to be considered as opposite in character or direction, we
make use of the signs + and —, and call such numbers
positive and negative numbers, directed numbers, or + and
— numbers. (See Chapter II.)

134, The following rules from Chapters IT and III need
emphasis.

Rule for the sign of the product of several factors. The
stgn of a product s 4 if an even number of ils factors are — and
the sign of a product is — if an odd number of its factors are —.
(See §§ 30 and 39.)

Rule for the sign of a quotient. If the dividend and divisor
have like signs, the sign of the quotient is 4. If they have unlike
signs, the sign of the quotient is —. (See §31.)
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Rules for the — sign with the signs of aggregation. If an
expression 1s placed within a sign of aggregation preceded by
the — sign, the sign of each term of the expression must be
changed. (Sce §37.)

If an expression is removed from a sign of aggregation pre-
ceded by the — sign, multiply each term by the coefficient before
the sign of aggregation (if there is one) and change the sign of
each term of the product. (See § 36.)

If an expression is placed within or removed from a sign of
aggregation preceded by a 4+ sign, no changes of signs are
necessary.

Rule for exponents in multiplication. 7The exponent of
each literal number in a product of monomials is equal to the
sum of the exponents of that number in the factors.

It is convenient to remember this rule in its typeforms
amar=a"*" when a single literal number is involved and
(am br) (a=bv)=am*=b»*v when two or more numbers are
involved. (See §40.)

Rule for exponents in division. The exponent of each literal
number in a quotient of monomials is equal lo its exponent in
the dividend minus its exponent in the divisor. (See §41.)

The typeforms are am=+ar=am»

and ambr+a=bv=am= br-v,

Evidently these rules apply when exponents are used with
arithmetical numbers for 73-7*=75 and 7°+7*=T7"

Exercise 120

1. Write the sum, the difference, the product, and the
quotient of the two literal numbers a and b; of 3z and 2y; of
abe and ayz.

2. Write the quotient when the product of x and y is
divided by the sum of a and b.

3. If a=2, b=3, and c¢=4, find the numerical value of
3a%h; of a®+b*—c; of @®+%; of a®+3a2b+3ab?+-b%.
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4. Give the rufe for finding the sum of several similar
algebraic terms, some positive and some negative.

5. Give the rule for finding the sum of several polynomials
that have similar terms.

6. Give the rule for finding the difference of two poly-
nomials that have similar terms.
7. What is the product of (—a) (—b) (—¢)? What changes
of signs will not change the sign of the product and why?
8. Whatistheprocluctof(—?)(+3)(-—5)(—3)(_—%—-1)(—(3}?
3. Divide —12ah%c by 3ab*c® and state the rules used.
10. What is the product of a?b, —ab?, and a*b*?
11. If the quotient is b and the dividend is a, what is the
divisor? What if the dividend were —2a?
12. Tf the product is z and the multiplicand y, what is
the multiplier? If the product were —2xy?
.13. Remove the parenthesis in each of the following and
collect where possible: (1) —2a— (a—b), (2) a—b—(a+b—c),
(3) 24y —2z— (3z—2y+32).
14. Express by an equation the fact that @ is as much
more than twice b as three times b is less than three times c.
16. Express by an equation the fact that = exceeds three
times a by the quotient of y divided by twice c.

135. Fundamental processes with polynomials.

Exercise 121

1. Add 3#3—5a247z—3, 8—2*+a—a®, 7T—21%, 32°+4,
and 2°—2224-3x—4.

2. From the sum of 22— zy+y* and 2*+3zy—y*, sub-
tract the sum of 422—y? and 3224y -3

3. Take the sum of 6—4a*—a and 5a—1—3a? from the
sum of 2a3+5—3a+2a? and 3a*—5a*—4—a.

4. Subtract b—c+d—e from a.

~5. Multiply 322—5z—3 by 22>+ z—7.
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6. Multiply 20— 3n*+4n—8 by 3n*+2n—3.
7. Multiply x*+2%2+y* by at— 2%+
8. Simplify 3n?—2(n—3) (2n+1).
9.) Simplify 16a*—2(2¢—3)*—3(a—3) (2a+7).
10. Divide n*—3n*+3n—1 by n*—2n+1.
11. Divide 4n*—92°+30n—25 by .2n*—3n-+5.
12/ Divide 22—yt —2yz—22 by x—y—=z.
13) Divide a’+b+3abc—¢ by a+b—c.
136. Special products. If necessary, find the first product
in each group of five by actual multiplication and use it as an
example for obtaining the other four.

Exercise 122

I 11
1. (a+b)* 1. (a—b)%
2. (x+2y)% 2. (Bx—Ta)%
3. (3xz-+5a) 3. (2a2—3ab)>.
4, (2:1:2+ 3_1]2)2. 4. (;1: m_ yn)ﬂ.
5. (3a®*+52%y%)% y 5. (3xe—>5yY)%
‘1
1. (ﬂ"‘b) (a+b)- 4. (zm—y™) (xm+y™).
2. (3z—2y) (Bz+2y)- 5. [(m—mn)—7] [(m—n)+T]
3. (5a*—7b%) (5a*+ 5.
v
1. (a+2) (a+3). 4. (22—3y) (a*4+Ty).
2. (z—5) (x—8)- 5. [(m—n)—8] [(m—n)+3].
3. (z—3) (&+7). :
v
1. (3a+2) (2a+3)- 4. (5m—3n) (2m+n).
9. (2x+3y) (Bx+5Y). 5. (22+7a) (322—5a).
3. (2a-+3b) (3a—>5b).
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b) ( +d) N 4. (3r+5s) (20 —T7b).
L (a+d) (¢ )
(n—n) (x+y).

5. (22492 (m*—n?).
1) (2&-—31)).
(@ v

o p

(a+b+ ¢) (a4p— c).

(e4y—5) (@+y+5),
(_m-—n—-2a) (

N

ing have
ng, The following types of factoring
all beey Studieq, (See §§ 56-61.)
Exercige 123
Redyee €ach eppypge.;

M to prime Jactors -
~28atps, Dadpt— Ta%h2 (3,2
Polynopy; Lwit

—dab’c45a%p2),
a & Mongpyiag factor.)
1 12023 _ 16a362+ 28&363.
2 7m2n2~—14m n+21mn3
3 17:c5y5~—34 y‘*+51m3y"
4 26a7b5-39a b"+13a“b5
5 Uathsesy o, o 3aabch+44a‘fbﬂc9
IL. 9ppe Mnt-gpe ( m--2n) (37)1—-211)-
(A tringm;e) that i the g Uare of , binomial.) g
- nr-gy 16, i 2,51?;2+40721??-+1GH ’
2 a:2+6:r:+ ; 5. »
16a2~24ab+962.

4 _}_ 21:2?]2 + y~i = .
6. Ozt 4 1203y 4 4y,
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III. mn—4=(mn—2) (mn-+2).

(A binomial that is the difference of two squares.)

1. 22—y 2. 25a*—36. 3. 36m*nt—4924ys

4, (x—y)*—=~ 5. (2a+3b)*—25.

1V. a2—8ab+15b*= (a—3b) (a—>5b).

(A trinomial that is the product of two binomials with
a common term.)

1. n2—10n+421. 4, a>+9ab+4-200%
2. a*—ax—20. 5. 72—3r—40.
3. m>—1lmn+24n*. 6. k*+4+T7k—060.

V. 3a22+524+2=(z+1) (3z+2).

(A trinomial that is the product of two binomials with
like terms.)

1. 6a®—13a+6. 4, 4r°4-8rs+3s°.
9. Ga*+bay—6y°. 5. 12m*n*—25mn--12.
3. Tr—17n—12. 6. 6K°—37k4-6.

VI. ax—nz—ay+ny=z(a—n)—yla—n)=(x—y)(a—n).

(A polynomial that is the product of two polynomials with
unlike terms.)

1. 2ax-+3am—2bxr—3bm.

9. atm2+bimi—an—bn.

3. a'—dadrtaiet—ad

4. 6Gax—4ay—+9bx—06by.

5. ax—ay-+br—by+tcr—cy.

VIL zi—5atyt+dyt= (@2—47) (@P—y) =

(x—2y) (x+2y) (x—y) @+y).

(An expression that requires more than one process to
reduce it to prime factors.) (See § 62.)

1. 7z2—21xy+14% 4, a*—bs

2. a*—9a>+18a. 5. 8la*—16.

3. mt—2mn+nt 6. a*—13a3+36a.



/
v

248 A SECOND COURSE IN ALGEBRA
T. 3wt—a22— 2, 10. 16m*—Sm2n*+n'
8. a'mP—ai—brm2+b2n2. 11, 42— 162+ 10,
9. a*—5a2—4a+20. 12 a8—1y°.

A3 (a=b)i=2(a=b)(x+y)+ (a+y)".

f14« 32a* 1607+ 20,

\io

W W

ek 4L

Exerclse 124, Miscellaneous Expressions

State under which of the preceding types each of the follow ing
may be factored, and find its factors:

@ —4y2, 2. a*—4a? 3. a®b—ab®
4, 8x°—18x:2 b, G4—nt 6. a*—2a—8.
T 622—13xy 4612 da2—15a—-1.
9. 3a2—a—2. 10. 328 — 62y + 31"
11, a4-2ab+-52—9 (m4n)>— (a—b)*
13. (z—y)*—(z—1y). 14 a®—4dat-4a’.
16. 5n*—25n4-30. w8, a2—b>—2bc—c*
1. *—y*+z—y. (Divide by. —v.)
8. Py—aiPtz—y. . a2—b2+2be—c*
20. 25—+ 2y —12, 21. 16— (a—0)".
22. 4a*+1lay+6y2 23. at—a*—20.
924, 48a'—3b, 26. a*—Ha*+4.
26. a+b+a— 27. ax—+bax-+ay+by-
28. a*+2ab-+b2—81, 29, 9a:—21a-+10.
30. 100—29a*+ gt 31. a%b®—2abed+c*d™.
32. 8m’—1lmn+-3n2. 33. a*+a—b2+0b.
34. 3x*yz—6xyet+ 3952 36. 9x*—15x*—30.
36. (a—b)—2(a—b)o+c.
37. (z49)*—(@+y) (a—b)—20(a—D)*

138. Equations. State the fundamental axioms of the
equation. (See § 19.)

Exercise 126

v Solve the following equations and check:
1, 3z+8—5x—T7=342x—22.
2. 2(5n+1)+3(7—n)=—12.
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3. 8x—5(hx+3)+3=3(7—2x). .
4. 72n—3)—6(2n+3)=8Bn—4)—-3(7—2n).
Solve the following literal equations for x and check:
5. 3x(x+a)— (x4a)*=2a"
6. (x+m)*— (x—m)*=16m>.
7. alx—a)—blxz—0b)=(a—b)% g 7

/

Exercise 126. Quadratic Equations
Solve each of the following by factoring and checl::

1. 22—x—6=0. 2, r»*—x=0.
3. a*—Ha*4-4a=0. 4, ’—3p=12.
5. 9x2—17x=2. 6. 12a2—25a=—12.

Solve each of the following by completing the square o7 by
the formula and check: (Sece §§ 124 and 125.)
7. 222—5x+42=0. 8. 412—3x—1=0.
9. 6x*—13x2+2=0. 10. 3x2—11x=4.
11. 2(a—1)24-2a*=5a(a—1). ¥
12, @n+1)2— (n+1)*= (3n—2)2%

139. Highest common factor and lowest common multiple.

The highest common factor of two or more expressions is the
product of the factors that are common to all the ex presstons.

The lowest common multiple of two or more expressions 18
the product of all the different factors of the expressions, each
factor used as many times as it occurs in any one of the ex-

piressions.
Exercise 127

Find the H. C. F. of the following:

12a%b%, 16a%b®, and 20a%b.

25m*n3, 100m*n?, and 75m’nd.

a:—ab, a*— 2a*b+ab?, and 2a®— 3a*b+ab®.
22—x—06, 22— bdx+6, 2*—Tx+4+12, and ax—3a.
i—yt, at—yt, a—y, and 2*— 2y
3ab—3b, 2an—2n, and a*—1.

224 6z+5, a+32x—10, and 2*+42x—15.

-
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Find the L. C. M. of the following:

8. 36, 16, 10, and 35.

9. 6a%, 124%, and 10a3%b?.

—10. a;'c-{—ay, r*—y?, and 2*+2zy+y°

“11. '.E*-::z:-—ﬁ, 2?4+ 5246, and 22—9.
12 3¢+ 521, 302 5ab+-20%, and a*— 2.
18, n*—3n42, n*—4n+3, and n*—5n-+6.

140. Fractions,

State what fundamental operations may be performed on
the terms of a fraction without changing its value. (See §68.)

Exercise 128
Reduce the following fractions to lower lerms:

q, Gazy

gie=t00C! g, —1027y°2
dryz T 42a%ch * —40xbys2!
il it Uy B A
- az—ay " @—3ab+2bF C12aty— 1227
g, B=m 8 at—h? 3—zx
Cmi—pt b —2ab+a* 2r—Hr+06
Exercise 129
Supply the missing terms in the following:
2z a
. 3y 12x%7° i e
Ha a )
:t 1T a—2b % b—a a—0b
5 1—n s '
T (1—2n) (14+2n) @n—-1) @n+1)
x+3 ) dax _ —12abzy
it z—2 a?—>5z+6 @ —5by
m—mn )\ T—2

m+n_ 3am*—3an’

7 ox—y Yy
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Exercise 130
Change each of the following fractions to mized expressions:

IQGQHQ(](!+:3_. = 3 E"ﬂ-j_*_b'l
1. = =3a—> +—1_d :an.. 3. e
2 33—t — 12.1‘—2' 8.1"‘4—27_
' 3z © 2r—3 .
Change each of the following mixed expressions to a fractton:
. 3 2x*4+6a+43 ) . ba=9
5. 2L+3+§;—TAH.‘;. 8 1r—3— i3
. 2a—3 a-+b
By Bvat—gp 9 —+I1.
5. 2D T4y
. ad—ab4biP— ——- 3 ¥_1.
7. a*—ab+ o 10 e

_ Exercise 131
Perform at sight the following additions and sublractions:

= o 1. 1,1
by Tk =k . 3. —+3+,
3 2 ® 2z ..3%

] 5. 53ty
= i a_+b m-+n n

B GEET a—b 2 Bt

8. - 2 9. €T T 2

22—9 z*—5z16 y  at+y ylty)
Perform the following additions and subtractions:

2 3 2 3 _ 5 )
s i I s e ol
3 2 2 3 2 3y
— — 19. 2l
11. t—2 z4+2 2—x 2 .v—y+-.r-£—y Yy —x?

Exercise 132
Perform the indicated operations in each of the following and
reduce the result to its simplest form:
2 47 3 5.5 6ay®  14a?b®

L35 Paetys ¥ smew ey
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4 36a°h* 16zy , 8ax 5 n*—n—6 n’+n—06
" 25x% 27ab’ Oby T ni—6n+9 n—4
_ a—b b—c b—a z?y?—1 zhf—xy—06
Dt a—c b—a a—c - T =9 2Pt —ay—2

\@9 v L S AR v i

(a—b) (b—e¢) (a—c) (b—a)  (c—a) (c—b)
@a-—?ab—l—b" c? a?—b?—2bc—c?
2+2ab+b2—c* a*—b*+2bc—c* 'Y a
@) 5a*— Tab+2b® | 10a*+1lab—6b?! J’f».. 3': ' . , -
12a>—25ab+ 1202~ 8a*— 2ab—30b%! u =3 ]

141. Fractional equations.

Exercise 133
Solve the following equations and check:

1. Z42_ 10, ) U@ W g
2+3 10 2% 575 6. 3. 2—|--3--[—4 26
n+3 n+l n{8 2m+41, m—4 5m+1

4, 1 - 375 =6. b. 3 -}- LA T

6 n—2 e d bt Syl

" (n—1) (n+1) n—1 n+l

iy v a+r+a_$_2a_ (Solve for z.)

T T 1 :
8. I (Solve for z.)
L TS D insbn' o
"—2a " z+a PP—ar—2d°

(Solve for z.)
-

142, Simultaneous systems of equations.

Exercise 134

Solve the following simultaneous linear systems and check:

(Follow the plan of eliminating one of the unknowns by addition or
subtraction. Method I, § 87.)

41, 2ty=1 <2 22— y=6 V3. 2a+3b=1
—y=>5. 3x+4-2y=2. 3a—b=18.
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vV 4, Har+4y=8 5. 3m—in=4
Tx—3y=—0. Sm—+2n=—14.
On the accompanying fig- 4

ure are the graphs of the N
equations in No. 2. \‘{-’-.
|

J

6. Solve No. 4 by graph-
ing.
Solve the following for =
and y:
7. ax+by=2ab
ax—by=0.

8. ma+tny==~k \
ax+by=c. =¥ -

<X
o lAW |
@

\\ ?) )
i — LA
W

X

>k

Exercise 135

Solve the following systems of equalions, one linear and one

quadratic, and check:
(Hint. Solve the linear equation for one unknown in terms of the
other and substitute this value for that unknown in the quadratic.)

1. z+y=5 >2. z—y=3 V.
. 2*yP=25. zy=10. SMBAY:
2 3. at—yt=16 =4, 24y=12
r—y=2. z+y=0.
5. 22?=y(x+6) - 6. a4t —4x=21
r+2y="T7. r—y=1.

Exercise 136. Problems /

1. If the sum of two numbers is 15, and one is x, what is
the other?

2. The sum of two numbers is 13. One-third the larger is
one more than one-half the smaller. Find the numbers.

3. Write four consecutive numbers beginning with .
Write three consecutive odd numbers of which x-+1 is the first.

4. The sum of three consecutive numbers is 33. What

are they?
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5. Find four consecutive even numbers whose sum is 60.

6. Find three consecutive even numbers such that the
sum of the first two exceeds the third by 28.

7. Tind four consecutive numbers such that the produect
of the third and fourth exceeds the product of the first and
second by 26.

8. Find three consecutive integers whose sum exceeds
half the largest by 37.

9. The second of three numbers is 3 less than twice the
first and the third is 3 more than three times the first. The
sum of the numbérs is 42. What are they?

10. Separate 47 into two parts such that one part shall
exceed the other by 15.

11. If 2z49 represents 37, what number will x5
represent?

12. James has 83.10 in dimes and quarters. If he has 3
more dimes than quarters, how many diines has he?

13. The width of g rectangle is 3 inches more than half
its length and its perimeter is 66 inches. Find its length and
width.

14. The algebraic sum of three numbers is 7. The second
is 11 less than the first and the third is 8 more than twice the
second. Find the three numbers.

15. The average temperature of Thursday was 15° colder
than that of Wednesday and the average temperature of
Friday was 8 warmer than that of Thursday. Tind the
three temperatures if their sum was 11°.

16. John and James together have 40 cents. If twice the
amount that John has be subtracted from 5 times the amount
that James has the result is 25 cents. ITow much has each?

17. The first of the three angles of a triangle exceeds the
second by 40° and the third angle equals half the sum of the
other two. Find the angles.

(Hint. The sum of the angles of a triangle is 180°.)
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18. A s twice as old as B and 20 years ago he was 4 times
as old. Find their present ages.

19. The second of two numbers is 2 more than 3 times the
first. If the second be subtracted from 5 times the first, the
remainder is 12. Find the numbers.

20. Two-fifths of the sum of a certain number and 9 equals
20. What is the number?

21. Separate 48 into two parts such that one-half of one
part added to one-third of the other part gives 22,

22. Separate 56 into two parts such that their quotient
equals 4/3.

23. What number added to both the numerator and the
denominator of 7/9 will make the resulting fraction equal to
9/107

24. A sum of $600 was divided equally among a certain
number of persons. If there had been 6 more persons, each
would have received four-fifths as much. How many persons
were there?

25. Find the time between 5 and 6 o’clock when the hands
of the clock are together.

96. Tind the time between 8 and 9 o’clock when the hands
of a clock point in opposite directions.

27. Tind the times between 5 and 6 o’clock when the hands
of a clock are at right angles.

28. Tind two numbers such that 3 times the first equals 5
times the second and the sum of 5 times the first and 2 times
the second is 62.

29. T have 810.00 in dimes and quarters, 52 coins alto-
gether. How many of each have I?

30. If 10 apples and 9 oranges cost 75 cents and at the
same price 7 apples and 8 oranges cost 61 cents, find the cost
of an apple and an orange.
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31. There are three angles whose sum is 360°. The first
is the supplement of one-third of the sccond and the first
exceeds the third by 40°. PFind the number of degrees in
each angle.

32. A motor boat that can make 12 miles an hour in still
water requires 6 hours to go 32 miles upstream and return.
Find the rate of the stream.

33. Solve the formulal=a+(n—1)dfor n. Alsoforaandd.
ﬂ;ﬁﬂ for b.

—

34. Solve the formula A =

35. A man drove an automobile to a town 60 miles from
his home and returned immediately by train. The whole
trip required 4 hours and the average rate of the train was 16
miles per hour more than the average rate of the automo-
bile. Find the two rates.

36. Find two numbers whose difference is 4 and the
difference of whose squares is 4.

37. Find two numbers whose difference is 4 and the sum
of whose squares is 40.

38. The hypotenuse of a right triangle is 2 inches longer
than one side and 4 inches longer than the other. TFind the
three sides of the triangle.

Suggestion. Use the Pythagorean Proposition. The square on the
hypolenuse of aright triangle is equivalent to the sum of the squares on the
other {wo sides.

39. A rectangle is 4 inches longer than it is wide and its
area is 45 sq. in. Find its dimcnsions.

40. Find the dimensions of a rectangle whose area is 84
sq. in. and whose length is 2 inches less than twice its width.

41, Find the dimensions of a rectangular field whose area
is 240 square rods and whose perimeter is 64 rods.

42. TFind the dimensions of a rectangular field whose arca
is 30 acres and whose perimeter is one mile.



CHAPTER XII
ADDITIONAL FUNDAMENTAL PROCESSES

143. Laws on the order of operations.

The sum of several numbers is the same in whatever order
they are taken, for a+b+c=a+c+b=b+c+a=c+b+a.

This is known as the commutative law for addition.

It is obviously true for the sum of positive and negative
numbers, for 2—34+4=2-4(—3)+4. Since subtraction is
considered as the addition of a negative number, the Iaw holds

for subtraction. That is, 2—3=—3-+2.
The same law for multiplication states that the factors of a
product may be taken in any order, for 2-3-4=2.4.3=4.3.2.

Since division may be considered as the multiplication by a
reciprocal and 4-+2.3=4.}.3=4.3-3=3-4-3, the same law
applies in division.

Now 4+ (345)=4-+3)+5=54(344), and b+ (a+tc)=
(a+b)+c. Evidently the sum of several numbers is the same
tn whatever order they are grouped.

This is known as the associative law for addition.

Also 4(5-3)=(4;5)3=5(43) and a(b-c)=(a-b)c=b(a-c).
The product of several factors is the same in whatever order the
factors.may be grouped is the same law for multiplication.

In arithmetical problems involving additions, subtractions,
multiplications, and divisions, it is necessary to perform the
multiplications and divisions first, then the additions and
subtractions may be performed in any convenient order.

Illustrative example.
- 4 526 b
3—4+245-2-6+12=3—-5+ 2 =3—2+45=6.

257




258 A SECOND COURSE IN ALGEBRA

Exercise 137

Simplify each of the following:

1, 47-12.2+-3—-20+5.6.

2. 27—-9-9+3+4.0-8=16.

3. 124+12+3—7.8+14—2(7—4-+2).

4, 10—5-20+254+18+9-3+6—21(5—7-3-2+6).

B. (12—8+4-3) (6+5+10—2-3+4) —7-4-3 = 14.

6. 3+i+33+1—73+6+3+253.
““The symbols of algebra are so definite that there is seldom
a question as to the order of operations in evaluating an
algebraic expression.

Evaluate each of the following, if a=2, b=3, x=1, and
y=4:
7. @®—2ab+bP—a+2xy—y2.
8. 2%*—2abzy+a?h? 422 —y2+a?—b
9. @ —3arbray+3abay?— .

144. The signs of aggregation. The common signs of
aggregation are the parenthesis ( ), the bracket | ], the brace
{ 1, and the vinculum

The vinculum has its most frequent use with the radical
sign, v~ . The bar of a fraction is a common sign of
aggregation and is equivalent to a vinculum.

Whenever any one of these signs is used the expression
enclosed is to be treated as a single quantity until the opera-
tion of removing the sign is performed. When simplifying
expressions involving the use of more than one of the signs of
aggregation, it is best to remove but one pair at a time
beginning with the innermost.

Ilustrative exampie.

2a—{ —3la—(a—b—c)—2b]|+c} =

2a—{ =3[a—(a—b+c) —2b]+c} =

20—{ —3la—a4+b—c—2b]4c} =2a—| —3[—b—c]+c} =
2a— | +3b+3c+c) =20 —{3b+4c] =2a—3b—4e. Ans.
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Exercise 138

Remove all signs of aggregation and simplify each of the
Sfollowing:

1. 18—2(5—3)+3(—2[—2—4—2—3]) —2(—4+5).

2. x—[z—(—{ —2—y}—2y) —3y]+2(3[z+1)).

3. 20—2[—2(—2{ —2x+2y—2z] —42)+8y]—162.
74 a—(y— z—[z—|y—z—2—y—z—2}—y]—2)—y.

5. 2x—(3y— (4z—bw—x+y+z+w—3y) —al.

6. m—r-(m—n.)—-[m.—(m—-n.)—fn-{——n]—(m-f-n).

7. 20—2[—2(3x—2x—y)]=20—2[—2(3x—2x+2y)]=?

Note. The vinculum must be observed closely; —2x—y is the same
as —2(x—y), but is not —2z—y.

8. (—2a—5b)—(—2a—>5b). Ans. 10b.
9. z—(2r—[3x—(4x—52—1-2}-1]-1).

10. a—2b—3c—{ —a+2b+3c—2[a—b—3a+b—c]—4a].

Make the following expressions the difference of two squares
by using signs of aggregation:

11, @2 —b*—c*+2bc=a*— (b*—2bc+-¢2).

12, 22—y —2ax—2+2yz+a.

13. 9—a*—y*—6a—2xy-+a.

14, 12a—9—4a2+m*—2mn-+n2
%*15. 2522 —20bx+4b2—60ay —36y2— 254

16. 4at—4a2—1-4at—4ad+4a.

In the following collect all negalive terms and express as a
single negalive quantity:

17. at—3a3+4622—2x+1=2'462"41— (3234 2x).

18. x?—ax—br+cb=2a*— (ax+bx)+cb=2a2— (a+b)x+cb.

19. a2—ax—bx—cax+abe.

20. ¥—ax®—ba?—cxt+abr+acx+bex+abe.

145. Detached coefficients. When required to find the
product or the quotient of two polynomials that can be
arranged with reference to the same letter, the work can be
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shortened and the possibility of errors decreased by detach-
ing coefficients. Note the following illustrative examples:
1. Multiply 322—2x—7 by 22?—3z—7.

Old Process Detaching coeflicients
322 —2x-=7 3— 2—-7 =—6
2z°—3z—7 2— 3—-7 =—8
62— 4z’ — 1427 6— 4—11
=92+ 62*4-21x — 94+ 6421
—21z*4-1424-49 —21 414449
6t —132° — 29224352 449, 6—13—290-+354+49 =48

Supplying = gives 6z!—13z*—292* 435219,
If 1 is substituted for z, notice the ease of checking for multiplicand
= —6, multiplier = —8, and product =48.
Care must be taken to provide a 0 for each power of the literal num-
ber that is lacking in the arrangement.
2. Multiply 2r*+32*—2x—4 by 2 —3z%+3 and checl.

24+0+3-2—4 =—1

1-3+4043 =+1

2+0+3—2—4
—6+0—9+6-++12

+6+0+4+ 9—6-—12
2—64+3-5+2421—-6—-12=—-1
Supplying = gives 2x7 — 62°+32° — 5514223+ 2122 — 6z — 12,
3. Divide 15a'—a+8a*—1—19a* by 5a°—1—3a.
Arranging and detach- 15—19+4 8—1—1|5—3—1

. ing coefficients gives 15— 9— 3 3—241"
On checking, the divi- —10+411—-1 3a* — 2a - 1. Ans.
dend =2, the divisor =1, —10+4+ 642
and the quotient =2, + 5—3—1
+ 5—3-—1

Exercise 139
Perform the indicated operation in each of the following,
using detached coefficients:
1. Multiply a*—3a*+3a—1 by a®*—2a+-1.
2. Multiply m?—m*4+3m—>5 by m*+m*+3m 5.
-3¢ Divide a*—4a°4-6a*—4a+1 by a*—2a+1.
4, Divide m*—3m?—36m2—71m—21 by m?—S8m —3.
75, Multiply 1 =722 4-23+52 by 1422 —4z.
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Multiply a*—4a -+ 6a%b*—4ab’ 1 b by a*—2ab-+-b2.
. Divide a*+a*+1 by a*+a+1. Also by a?*—a--1.
Multiply 2°—22%+3 by 1—a2+z.
Divide m®—6m*+5m*—1 by m*+2m2—m —1.

10. Divide m*+4m2n2+16n* by m*--2mn-4n®.

11. Divide m®—n® by m—n. Also by m+n.

12. Multiply m!—m*n+m*n*—mn3+n* by m+4n.

146. Synthetic division. When the divisor is a binomial of
the type x—a the work can be still further abbreviated.

O ©®®wa o

Illustrative examples.
1. Divide z*—52*+7x—2 by x—2.
I. Detached coefficients. II

1-5+7—-2|1-2 1-5+7-2|1-2
1—2 1-3+1 -2 1-3+1
-3 =3 N
—3+6 +6

+1 e

+1-2 2

Notice that II is obtained from I by omitting the first term of each
partial product, for their subtraction is planned to eliminate the corre-
sponding term of the dividend. Also notice that the first term of the
dividend and of each partial dividend, 1, —3, +1, form the terms of
the quotient in order and, since +6 is to be subtracted from 47, and
—2 from —2, the form IT may still further be compressed. See III and

IV following. Notice that the quotient appears below.

III. or IV.
1=5+4+7-2]1—2 1-5+7—2(+2
ey i L) R +2—6+2

1-3+1 Ans. 22 —3z41. 1-341 Ans. 2*—3z+41.
Now —2 is the essential term of the divisor and multiplication by it
changes every sign of the partial products. But we are to subtract each
of these partial products, therefore we may change —2 to +2 and add
the partial products as in IV,
2. Divide #*—23*—5z+8 by x—3.
Detaching coefficients and following IV gives:
1—2—5+8|+3
+3+3—6

2
I+1-2.]2 Ans. x'-’+z—2-]-::3.
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Exercise 140
Divide a*—3a2—4a+12 by a—3. Also by a—2,
Divide 234-322+2—2 by z+2. Also by r--1.
Divide #°4222—6x-+8 by z+4.
Divide a*—22a+15 by a+5.
Divide #*+432*—52+4x—4 by x—2.
Divide m*—m?+5m*—9m—10 by m —2.
Divide 82> —242*+36x—27 by 2xr—3.
Suggestion. Divide first by £—3/2, then divide the quotient by 2.
8. Divide 16a*—81 by 2a—3. Also by 2a+3.
9. Divide 6(z—y)*—7(x—y)—20 by 3(x—y)+-1.
10. Divide 32 —13224-232—21 by 3z—7.
11. Check Numbers 7, 8,9,and 10 by detaching cocfficients
and dividing as in § 145.

Nl o oo

147. Additional special products and factoring.

Type VIII. The square of a polynomial. (I'or Types I to
VII see § 136.)

(a+-b4-c)*=a+b242+2ab+2ac+2be
and (a—b—c)?=a?+b>+c?— 2ab— 2ac-+2bc.

Stated as a rule this becomes—

The square of a polynomial is equal to the sum of the squares
of the terms together with twice the product of each term and
every one that follows it.

Exercise 141
Ezxpand each of the following :

1. (m4n+p)=. 2. (z—y+2)=
3. (2z—3y—22)2 4. (3m+2n+3a)?.
5. (z+y—m—n). 6. (a,-{-w‘, .3.:—|—o)"

The following are the squares of whal polynomzaf Y,

T. a*+2*4-9y2—2az+6ay — Gzy.

8. 4m?+25m*+4-36p*+4-20mn—24mp —60np.

9. a*+4b6*+9c2+49 —4ab—6ac— 14a+12bc+-28D+-42¢.
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Type IX. The cube of a binomial.
Expand (a-b)3. Expand (a—b)3.

Exercise 142
Translate each of the formulas obtained by the expansions of
(a+D)* and (a=D)* into a rule as in VIII and apply in the
expansion of each of the following:
1. (x+y), 2. (2—a)’. 3. 204y
4, (3m—2n)3. 5. (2ab-+c)3. 6. (a2—3y7)3.
What are the factors of the following?
7. 27 —27x+9x2— a3,
8. 64—240a+300a*—125a.
9. 8a®—36a*h+54ab*—27b%
10. a’—9a‘r+27a*v*—2723.
Type X. The factors of the sum or the difference of two
cubes. TFind by multiplication the products
(a+b) (a2—ab+0b*) and (a—b) (a*+ab+4-b).
Translate into a rule reading:—*“The factors of the sum of
two cubes are the sum of the cube roots . . . )" and “the factors
of the difference of two cubes are . . . .”

Exercise 143
Write at sight the following products:
1. (z+y) @—ay+y). 2. (@—y) @+2y+yd).
3. (m+2) (m*—2m+4). 4. (2a—0b) (4a>+2ab+b?).
5. (z243?) (2'—2%*+y).
6. (2a2—3b) (4a'+6a’b+90%).
Write at sight the factors for each of the following:

7. md4nd 8. m*—nd 9. 2*+41.
10. z3—1. 11. a*+48. 12, «*+80%.
13. 27Tm3—1. 14. 8n*+-275. 16. m*n4-y5.
16. 12545 17. *b*—a%yP. 18. *+343.
19. af+1. Treat as (a?)*+1. 20. 125—m",
21, 8mb—27nS. 22. 64a®—a2a3. 23. a1,

24, a°—64. 26, a?—y5 26. (z—y)*—8.
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Type XI. Find the product of a*+-ab-+b* and a*—ab-4-D?
in two ways:

(1) by detaching coefficients,

(2) by treating the trinomials as the sum and the differ-
ence of two terms, i.e.,

[(a2+b) +ab] [(@+b?) —ab].

Exercise 144
Wrile the product for each of the following:
(@+ay+y?) (PF—zy+17).
2. (P3mn+9m?) (n2—3mn-9m?).
3. (4a>—6ab+4-9b%) (4a2+-6Gab+90%).
4, (=2t (@+a%yt+y)
5. (16a>—4a+1) (16a2+4a-+1).

Study the products obtained in Numbers 1-5, then reverse the
process and faclor each of the following, using the plan of
Number 6:

6. a'+a’b’+-bi=a*+-202 bt — a*b?
= (a2+¥)2_a2b2=[az+bz+ab] [(12_'_52_&[,].

B

{0 e 8. 1+4a*+a. 9. as-tatyidys.
10. a*+3c*+-4=a'+4a2+4—a="?
11. a*—3a*4-9. 12. af4-a®b*+-25b4,

13. 2722 +1=0'4-22241—922="?
14, 4a*+-702+-4b4,
15, gt Hd=aid-4a2 4 442 =7

16. 4zi+1. 17. 6442t 18. Gdat1.
19. 741, 20. zi—3a241.
21, #—1la?+1. 22. a'—18a2+1.

. 23. Make and factor three others of the type of 20, 21,
and 22. '

24, o'—l142241=0'422+41—162>=7

25, a'—23z°41. 26. x'—34a241.

27. Make and factor three others of the type of 24, 25,
and 26.
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148. The Remainder Theorem and the Factor Theorem.

A rational number is one that can be expressed as a single
whole number or as the quotient of two whole numbers.

If any expression of the form 2*+22*4-32+42 is divided by
a binomial of the form x—2, the remainder is the same as if
+2 were substituted for a.

Show by synthetic division that (2*+22*4-32+42) + (2 —2)
gives 2?+4x+11 and remainder +24. Also substituting 2 for
x, it gives (2)3+2(2)*+3(2)+2=24.

In general, (z®*+4-ax+0b) + (x—n) gives x+4a-+n and remain-
der n*+an—+0b (check by division), therefore we have the
Remainder Theorem:

If any rational integral expression in x 18 divided by v—n,
the remainder 1s the same as if n were substituted for x.

LEvidently, when the remainder becomes 0, x—n is a factor
and we have the Factor Theorem:

If any rational inlegral expression in x becomes 0 when n
2s substituted for x, then x—n is a factor of the expression.

This theorem is useful in factoring expressions of a degree
higher than the second.

Tlustrative examples.

1. TFactor x*+32°+3x+2. Evidently, if z—n is a factor of this
expression, then n must be a factor of 2. Now the factors of 2 are +1,
—1, +2, and —2. If we substitute +1 for x, the expression becomes
14-34-3+2, or 9. If we substitute —1, it becomes —14+3—3-+2, or
+1. Similarly +2 gives +28, but —2 gives 0, therefore x—(—2) or
x+2 is a factor. By synthetic division, the quotient is #*+4x+1 and
the remainder is 0.

2. TFactor 28—2z°—5z-6. The factors of 6 are +1, —1, +2, =2,
+3, —3, +6, and —6. Substituting each of these in turn for z, we find
that 41, —2, and +3 each makes the expression 0. Therefore z—1,
z+42, and —3 are the required factors. (Check by multiplication.)

3. Tactor z8—ax?—14a2r+24a®. Some of the factors of 24a® are-a,
—a, +2a, —2a, +3a, —3a, +4a, —4a, . . . . Of these +2a, +3a,
and —4a makes the expression 0. Therefore z—2a, x—3a, and z+4a
are the required factors. :
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Exercise 145

Factor:
1. 23—T22+6. 7. 2*4-322—6x—8.
2. ©—Tx—6. 8. a*+12a*+12a—45.
3. a*—10a*+9. 9. mr*—3mi+5m—2.
4, ¢*—20a+32. 10. a®—5Ha*+-4a--4.
b, ¥*—4x24-5x—2. 11. a¢*—3a®>—a*+a--6.
6. 23—622+52-46. “12. m®—3m*+24m —68.
13. m*—3m*n+4mn*—4nd. (Try m=-+n, —n, +2n, cte.).
14. @®—2a’n—5an?+6n°. 156. a®*—5Ha*y-+18y°.
. 149. Typeform ar=b=. (The sum or difference of two like
‘powers.)

We have learned how to factor a number of expressions
that come under this typeform such as x*—y?, 2% — 3, 2%+

. . and have dis¢overed that z-yand x—y are included
among the factors.

The factor theorem makes clear the rule for determining
when either or both are divisors. If b is substituted for a in
a—br, the expression becomes (+b)»—>b» which equals 0.
Therefore a—b is a factor of a»—b» for any integral value of n.

If —b is substituted for @, a»—b» becomes (—b)»—b», or
+b"—b" when 7 is even and it becomes —b»—b», or —2bn,
when 7 is odd. Therefore a-b is a factor of a»—bn» when n
is even but not when 7 is odd.

Now if +4b is substituted for ¢ in a»+b», the expression
becomes b»+-b~, or 2b”, no matter whether n is odd or even.
Therefore a—b is never a divisor of a+bd». But if —b is
substituted for a, a»+b» becomes (—b)»-+b» which equals 0
when 7 is odd and 2b» when # is even. Therefore a-+b is a
divisor of a»+b» when 7 is odd. This gives the rule:

The expression ar—b» with n an integer is always divisible
by a—b. It is divisible by a-+b when n is even.

The expression ar+b»* is never divisible by a—b. It is

\ divisible by a-b when n is odd.
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Exercise 146
1. Divide 2°—y® by & —y using synthetic division.
Solution.
140-+0+04+0—1 [+1
1+14+1414-1

o e ! Ans. z*+2dy 2yt
2. Divide 2543 by z+y following the plan of Ex. 1.
3. Write the quotient of (27—y")+ (x—v).

4. Write the quotient of (27+y") <+ (x4y).

Factor each of the following: :
5. 25—32. (Treat as x°—25%.) 6. x°4-243.
7. a®4-b. [Treat as ()34 (b%)3.] 8. a&*+b.

9. a,“—[—bg [Tleat as (a®)*4(0*)*.] 10. a’4-125.

Exerc15e 147. Miscellaneous Exercises
Factor each of the following:

1. 25—064. 2. 25+64. 3. a%+64.
4' .'f:12+y12- 5_ a:'l'.l_yl'l.
6. a42ay—2ay*—yt 7. a*y*+17xy+16.
8. yt—a*—2x—1. 9. a%y*+25—92—102y.
10, a8—342*41. 11, 22—yt aty.
12. a8—z2+3x+5. 13. a*+-2a249.
14, 2t—32249. 15. 251255,
16. a3—152*+250. 17. 10x*—472%4-42.
18. a°—640% 19, 75a%*—108¢d2.
20. P—yt+x—y. g 21. ¥4+z24z+1.
22, 28+4. 23. 2*+3x—2.
24. ad®—a2—5a+2. 26. 3611 —21r241.
26. 125m3—150m24+45m—2. 27. 102*-4-3x—18.
28. aba®+z+ab+1. 29. m*—n2+mi—nd.

30. a2(@—1)—b*—1)"  3L. aby*+y-+ab+l1.

32. 7afar+49a*r+-84a. 33. (m—n)*—9(m—mn)—36.
34. a"+0". 35. 2a*4-T7a*+4a—4.

36, yity'—3—3y. 37. 3x°+8xt—8a2—3.

38. (a*+1)3—(*—1)% 39. 22—y
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160. Fractions.

Since a fraction is an indicated division it has three signs:
.(1) the sign of its numerator, or the dividend, (2) the sign of
its dgnomma.tor, or the divisor, (3) the sign of the value of the
fraction, or the quotient. This is placed before the fraction
and on a line with its bar. (See § 69.)

Any two of the signs of a fraction may be changed without
changing the valuc of the fraction. The following are equiva-

lent fractions: —6 —-b' 0 gng ... 9

If a=10 and b=2 the value of each fractlon is +5.
T @ —a a —a

Brosatly b—c ¢c—b c¢c—b b—c
Check by letting =6, b=4, and c=2. -

Tt will be recalled that the sign of the product of several
positive and negative factors is + if there is an even number
of negative factors and — if there is an odd number of nega-

\ t.ive factors. (See § 39.) This leads to the following:

"~ Rule. If the signs of an even number of factors are chan ged,
the sign of their product is not changed. If the signs of an odd

number of factors are changed, the sign of their product s
changed.

Exercise 148

1. Show that (z—1)(z—2)= (2—x)(1—2) = — (z—1) (2— x)
= —(1—2) (z—2) by finding each of the four products by
multiplication.

9. Write the product (z—1)(x—2)(z—3) in as many
different ways as possible.

Hint, (z—1) 2—2) 3—=).

Check by letting =5 in each.

3. Write the fraction 2bx—a in several equivalent forms.
Check by letting a=5, b=4, and 2=6.
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~"4. Write the fraction S:Z in three other equivalent forms
and check with a=5, b=3, ¢=2, and d=1.
b—c

5. Write the fraction in three other equiva-

(a—b) (a—c)
lent forms and without changing the sign of the value of the
fraction check in each.

a—Db
(a—c) (b—c) (a—d)
seven other equivalent forms without changing the sign of the
value of the fraction. Write these forms.

may be written in

151. Animportant assumption of fractions is the following:

Axiom. The value of a fraction is not changed if both
numerator and denominator are multiplied or divided by the
same quantity. (See Axiom VI, § 68.)

Under this axiom we have simplified fractions, or reduced
them to their lowest terms, by removing all common factors
from the numerator and denominator.

Exercise 149

Reduce each of the following fractions to its lowest terms:

T—Y az—4 at—a—2
Aeh Fo’ = 8 $—3¢+t3a—2
4 a13—y3_ —6—— 8341 ) :::"—y“_

=yt [0 T 172t td " latyt

7. ®—3a24-4 8 b2 —2bc+c*—d?

£t A0z 4L e 4 L IS @ =2cd -6t — 1P
e O E T 10, @ 4b*+8he—dc*
S 104910 i a*+8(b—c)® |

162. In arithmetic, what is a proper fraction? Give an
illustration. What is an improper fraction? Give an illus-
tration.
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lfml lmpm-per algebraic fraction is one the numerator of
rlfl L COnt.a,mS & power of a literal number equal to or higher
t Slithe Highes power of the same number in the denonna-
or.

FLov would you define a proper algebraic fraction?

Exercise 1560
Gitfe the rule for changing a mived expression to an equiva-
lent improper fraction. Change each of the following mized
expressions into ils equivalent improper fraction:

3.0 .3 o4y
TS E i i . T T
z U‘Fx?-{—:cy-i-yz 3 B Eray+
S e 4. o—a*+a?—z+1+ 7]

Give the rule for changing an improper fraction into us
equivalent mized expression. Change cach of the following
fractions into mixed expressions:

’.f aa e bs ma Lo 13 2__~K ,r.')
/ ; B —5, : _
% a+b E p2—x—1 L 2+4z+1
@b o Gt
T atab+b " a—c

1563. Addition and subtraction of fractions.
Give the rule for finding the algebraic sum of several frae-
tions with different denominators.

Exercise 151
Combine the following:
z+1 z+2 z+3
& m‘-’—5x—i—6+m2—7:c+12+:c'-’—0-‘6+8 3
1 2 ‘ :
2 a=b) ©-0 G—a) 0—0 nS- Ta—b) (b—°c)
A 3h 10
* x4l z—1 11—z
a+1 a-+4 .
L @D =2 @D @9
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m n P
(m—mn) (m—p) + (n—p) (n—m) e (p—m) (p—n)
r—3a 3ax — 2x° 1
x*—3ax—+9a* ' PH+27a®  3a+ax
a—1 2 a-+1
ag—aji—lfl_a.4+a9+l+a9+a.+l
2 ( 1 1 a
a+3—13—a—3_ ag—9+a—-3 }

(z—y) (z—y)  xz , (x—a) (z—a)
y(y—a) ay ala—y)

1564. Multiplication and division of fractions.

Exercise 152

Perform the indicated operations in each of the following and
reduce to lowest terms:

L.

2.

az—b? a'+ab:4bi
b — P ) b +ad 2 Ans. —
ab a b) ) 1

— D

at+b \b a/ a—b

G Ee)
(_a+2b—|—%) (u——2b—!—%) B
(2-L)+ (E+2y+2)- 22, ans. 1.
(a_b_a-+b°)( 4B a-—l—b"

(a—l—t ) ('r:—{-a a;t)
(a—|—b)~—m~ (b+=x)2— a-_(a 'c—]—b)2

2a+2b—2z ° a+b+z atbta/’
1 e 1 2 T—Y Y
l—a 1l-4a 1—a? y Ty
- =72 10, ———.
das il —2a & 5 d
l4a 1—a 1—a? T

v
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155. E i
i ual_;l}latlons. The statement by the use of the symbol
quality (=) that two number ¢

xpressions are equal 18
called an equation, SRR T W

The number expressions are known as the

d heir position with reference to the equality
sign.

: There are two classes of equations: (1) identical equa-
tians, or simply identities, (2) equations of condition, condi-
tional equations, or jgml)ly equations.

An idenfify gets its name from the fact that its two mem-
bers are either identically the same or become the same when
t}}e indicated operations are performed. The sign =, read
“iIs identically equal to,” might be conveniently used in place
of tl}e sigh = in identities. We have used it in the typeforms.
An identity is true for every possible value of the literal num-

bers involved and is, therefore, of little use in the solution of
problems.

The statements: (1) a+42b=2b+a, (2) 5=5, and
(3) (z4y) (x—y)=(22—y?) are identities. The members of
(1) and (2) are exactly the same, and the first member of (3)
becomes exactly the same as the second when the indicated
multiplication is performed.

An equation of condition is an equation involving one or
more unknowns which is a true equality only for certain
values of these unknowns. The equation 2o2—3=7 is true
only when z is 5. The equation 2*—2=6 is true only when
zis 3 or —2. The equation z+y=7 is true when z is 3 and
yis 4, when z is 5 and y is 2, or when z is 9 and y is —2, but
would not be true if z were 6 and y were 3, or if x were 3 and
y were 2.

The four axioms of the equation are:

(i) The same number may be added to both members of an
equation without 'destroying the equality.
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(2) The same number may be subtracted from both members
of an equation without destroying the equality.

(3) Lach member of an equation may be multiplied by the
same number without destroying the equalily.

(4) Each member of an equation may be divided by the same
number (not zero) without destroying the equality.

How do these four axioms compare with the corresponding
axioms of Geometry?

166. Fractional equations.

_ Exercise 153
Solve the following equations and checl::

R o % 00 g z+l_z=3
* 5z ' 2x 20 " z43 z—2 *z—2 x—5
dr—3 4x—5 12¢—5 3x+4 , 42—5
t 1737 ba—BT G483 W
Hint. Multiplying first by 21 and collecting gives 10 =g‘13;iis
2 13 5 3z 5
6. 1__!__:—_:____:1:?_ 7. '3:1*—!—_1___39:—!—4_2.
2 z+2 8 4dx+S8 x—>5 x+8
8 W q 21D *EN]
Y a7 22—6 2(x+7)
9 e i 8 =21:—1_ 10 2219 1y Lo 3
" 2z—1 4a*—1 2z+1 * 522—5 a*—1 1—=x
e _.":i:[--""'/.rc—{-l :*‘_ z+2 i x+3
! " (z+2) ®+3)  (@+1) (z+3)  (z+1) (z+2)

Hint. Multiplying by the L.C.D. (z+41) (z42) (z+3) gives
(@+1)2+ (242)* = (z+3)?

Whence 22 =4, . z= =2, but —2 does not check because we cannot
: —1 O
interpret o =+ S5=m

In general, no number can be accepted as a root of an equation if,
when it is substituted for the unknown, any denominator reduces to
zero. If the numerator of a fraction alone reduces to zero, the value of
the fraction is assumed to become zero.

See Chapter XXII for further discussion of Indeterminate Forms.
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rx—1 r—2

12.

r—3

(—2) (z—3) (z—1) (z—3) (z—1) (x—2)

Solution. Clearing of fractions and collecting gives 2 —S8r+12 =0
S (z—6) (z—2)=0and =6 or 2. Do both values check?

Solve the following for x:
21. a—{—g:c. Ans. z=

c—da

z+a 5 a—bx 3
L2.3. z—a 4 24. ar—b 4
226. z+m 3 T—m o7,

3 :c—l—m= 3

azx bx 2b
28. ST 29

z—3  z+4  8z42
13, :U+1+:E—2_'$C"’—:C—2+I.
i 5 ., > 8 B
* (z—1) (z4+2) 2*—z—2 2°—1 a*—4
3—2x 2x—5 427 —2
15. e e
) 1-22 2x-—7 1 7—16x+44x*
Ll - z43 _ 6
=1 2(z+1) 2(x2+1) xi—1
17 51:—8_2:1:—5 1 1922—29 )
T 6z—15 10z—4  (2z—5) (152—06)
: 1 1 1 1
18. — = )
z—8 z—7+w—4 r—>5
: 1 1 1 1
Hint. J;'_—S-r__[:x___g_;:l,
z—=7—z48 z—4—z45 : 1 .
(z—8)(z~7) ~ (z—5)(z—4) (z—8)(x—7) (z—5)x—1)
3 7 2 7 2
19. = 5
x—9+x—4 g
b 7 7 2 2
R e Sy R
1 2, 2 1
2t &= z—15  7—18 z—10

oo, Eap=oy
X X

m—+x m—=x

A5 m-+n n—m
x4ab  a*+ab-b?
r—ab  a®—ab+0*
2¢°4-axr—4b 2

N
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167. In an algebraic expression involving several variables
it is usuaily possible to find the value of one of these in terms
of the others. It will be recalled that most formulas are
written in such form as i=prt, C=2mr, A=mr2 . ..

If such an equation as 3x+4-4y =7 is solved for z, we have
x=4% (7—4y). If it is solved for y, we have y=1 (7—3x).

If in an algebraic expression two variables are so related
that when a value is given one then a value of the other is
determined, the second variable is called a function of the
first. In C'=2xr, C is a function of . Its value is fixed when
a value is given ». Similarly, 4 is a function of r in A =m2,
and x is a function of y in =% (7—4y.)

An algebraic expression involving a single literal number
is called a function of that literal number, for the value of
the expression is determined by the value given that num-
ber. The expression a*+a*—x—4 is a funetion of x because
the expression has a definite value for each value given z.
The expression y*—2y*+4 is a function of y.

When it is necessary to refer to such an expression as
+a?—x—4 several times during a discussion it is cus-
tomary to represent the function in = by the symbol f(x)
which we read as the “f function of .”

If f(x) is the expression 2*4-2*—ax—4, then f(a) in the same
discussion will be the expression found by replacing = by a,
or a4+a*—a—4. That is if f(z)=a3+4-2?—x—4, then
7(@) =ad+a2—a—4 and f(2) =254+22—2—4=6.

275
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Exercise 1564

1. If f(z) =a®—2z+1, what is f(y)?

2. If f(z) =22—3224+3z—1, what is f(k)?

3. I fly)=y —27 find f(2), f(0), and f(—3).

4, If f(z)= +1, find f(1), f(0), and f(—1).

5. If f(z)= a:'"’ 2422 —1, find f(3), and f(—1).

6. If f(n) =n*—3n*—3n+-11, find f(0), f(—1), f(—2), and
1(=1.

7. If f(a)=a*+3a*+3a+2, what is f(—2)? Therefore
what binomial is a factor of f(a) by th_e FFactor Theorem?
8. If f(x)=2*—62411x—6, show that f(3)=f(2)=
f(1)=0, and name the three prime factors of f(x).
9. If f(z) =2—2z+1, find f(a—1), fa+1), and fla4y).
158. An equation of the first degree in two unknowns.
It will be recalled (§ 63) that the degree of a term is
determined by the number of literal prime factors that it
contains provided that none of these appear in a denominator.
The term 2a% is of the third degree. It is of the first degree
in b and the second degree in a.
The degree of a polynomial with respect to, or in a given
letter, is determined by its term of highest degree. The
= polynomial a®+3a2h-3ab?
H +0* is of the third degree
N in @ as well as in b,
N It will be recalled that
3 the graph of an equation of
& the first degree in two vari-
N ables is a straight line.
X This explains the common
| b i
name, “linear equation.”
Note the graph of the
equation 2x+3y=12 in
-7y the accompanying figure.

K
N2

=X
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12—3y
2

- For

every possible value of y there is a value for z. Similarly we
may express y as a function of x, and show that for every
possible value of x there is a value of y. The graph is the locus
of a point under the condition imposed by the relation of
x to yor of y to x. (See § 84.)

The equation 2x+3y=12 is a true equality only under the
condition imposed by this relation. It will be proved in
analytic geometry that the locus of every equation of the first
degree in two unknowns is a straight line.

If we express x as a funetion of y, we have x=

159. An equation of the first degree in three or more

unknowns.

As with the linear equation, so also with an equation of the
first degree in three or more unknowns, there is a limitless
number of sets of values for the unknowns that satisfy the
equation.

Take the equation 3242y —z=>5 and note that each of the
following sets of values satisfies it:

when z=1, 1, 1, 2, 2, 2, 2 3, 3,
and. y=1, 2. .3, 1, =2 0, 2 3 4,
then 2=0, 2, 4, 3, .—3, 1, 5, 10, 12,

An equation of the first degree in two or more unknowns
has a limitless number of solutions, and is therefore said to
be indeterminate.

160. Two or more equations involving the same two or
more unknowns are said to form a system of equations. We
shall first discuss

Linear systems. If two equations of the first degree in
the same two unknowns have no common pair of values
they are said to be incompatible, or contradictory, and, if
graphed, their straight lines will be found to be parallel such
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4 __as r — 2y = 3 and
x—2y=7. (Fig. 1.)

Some systems have
xmany pi irs of values
in common. When
these are graphed their
lines will be found to
coincide, as x—2y=
P and 3xr—06y=15 in
Iig. 2.

The second equation
may be obtained from
the first by multiplying both members by 3 and is called a
dependent equation.

Two equations are said to be independent when one can-
not be obtained from the other by any process that does not
destroy the relation of the unknowns.

Two independent linear equations that have a «111{__,10 set of
values in common, are said to form a simultaneous linear
system. Their graphs will intersect in one point since two
straight lines on a plane that are not parallel intersect in but
one point. (See Fig. 3 where 2¢+3y=6 and 3z—y=>5 form

Na \s

-Y Fig. 1

such a system.) Y
i |

161. The solution of |
a simultaneous linear ol —=1
system is completed =% s 1 £
when the common set ¥ ﬁ//;{‘
of values for the un- il

T e e

knowns is found. This =
may be accomplished
by one of the following
methods. —Y Fig. 2
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Method I. Elimination of one of the unknowns by ad-
dition or subtraction. (Sce § 87.)

Rule. Multiply the members of both equations by such num-
bers as will give equal absolute values for the coefficients of one
of the unknowns. Add or subtract the resulting equations to
eliminate that unknown Y
and solve the resulling T /l
equation for the other un- o S ) /
Inown.  Complete the
solution. s/

Method II. Elimi- o
nation of one of the un- ~%
knowns by substitution. - i >
(See § 88.) y / <

Rule. Solve one of the
equations for one un-
known in terms of the
other. Substitule the re-
sult for that unknown in
the other equation and complete the solution.

Method III. Elimination by comparison.

Rule. In each equation find the value of the same unknown
in terms of the other. FEquate these two values and solve the
resulting equation.

Illustrative example. Given 2z+4+4y=12 (1)

and 3zx—2y=10 (2)

From (1) x=6—2y and from (2) :v=10;§2y

@L

£
;Q,‘G

/S

5
~{_/

|
Y Fig. 3

|l

therefore 6 —2; =}_0;{§‘EL_I_ Solving, gives y=1 and z=4.

Exercise 155

Solve the following systems by Method I and check:
1. 5y—2x= 6 2, bx+2y= 19
8y—sr=—3. 20—5y=— 4.
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3. 2a+3b=1 4, 5m-+3n=6
3a—2b=21. dm—on="7.
5. Sx+41ly=13 6. z=3(9—y)
3z— Ty= 1. y==%(xz441).
7. z+1=%(z+y) 8. Jxr=11+43y
y—1=2(z—y). 6y= z—>5.
Solve the following systems by Method 1T and check :
9. 3R— 4r=20 10. 5a—2b= 3
7R4-11r= 6. 4b—da= —3.
11. Tm—2n=13 12. 3z—3y=0
Sm+3n= 1. iz +iy=0.

In solving such a system as is given in No. 12, any one of
the three methods given for the solution of a simultaneous
system in two unknowns may be employed, but the first
method will be found most satisfactory.

Solve the following by Method 11T and check :
y=14z, 8y=>5x—11.
s i B
2+3 0 16. 3z—5y= 4
7 —:
5+378=0. i
Graph both lines in each of the following sets, and locate care-
Jully their point of intersection. Verify the accuracy of yowr
graphs by finding the solution (if there is one) by Method I :

17. 3z—5y=1 18. 2z+3y= 8
4y+-2¢= 8. 3:5-!—%:12

19. 2+ 2y=3 20. 2z+5y=—12
3412y =4, 3x—2y= L.

21, 52— y= 4 22, 3z—2y=—1 !
2z4-4y= -5, 6z+8y= 16. |

U]
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Solve the following systems by any method and checl: :
x+3

Ty . g
23. x—-g=—23 24, ) +5y=9
ad_se y+9_z2—2
il e 10 3
256. 0.3z+0.2y= 9.5 26. .02x—.03y= GO

0.2x40.3y=10.5. 03x4-.02y =155.
Solve the following for x and y and checl::

27. z+y=2a 28. cx—by=0
(a—b)x=(a+D)y. br+4cy=b"4c
29. z+my—+m*=0 30. z+ay=-—1

x+ny+n*=0. y+ec(z+1)=0
31, ar—by=a*4b*
(a—b)az+ (a+b)y=2(a>—b?).

While the following are not linear systems, they

281

are

simultaneous and can be solved conveniently by any of the

three methods.

Do not clear of fractions until one unknown is eliminated.

Solve each and check:

of (2) by —b;, we will have

10 9 3 1

32. % g 8 33. ﬂ-—?y—?
8, 15 4 3

34. l—-l=m 86: = 2—=a+b
T Y bx  ay
1,1 b a_ g
E“"a-—?l. P K\ T+7_a +b.

162. Solution of a simulEh'eous linear system by deter-

minants.

Let ayz+by=¢a (1)
and axx+bsy=c. (2) be a simultaneous linear system.

Multiplying both members of (1) by b, and both members

ﬂlbzm—i—blbgy = bgC1 (3)
— axgb;.t — blbgy = — b]ﬁﬂ_ (4:) ‘
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Addin.g (3) and (4) and collecting gives
(albg‘— agb;)I = b-_,cl = b;Cg
7 bgC —=b Co . - . =N
and x=m, it ayby is not equal to () aub,
Similarly, multiplying
(2) by a; and adding giv

(albg — Ogb

; : of
both members of (1) by —as and
(e
ﬂlfg—(l-_l(.'l . p 13
= — : Y=———=1 it & ba = aab,.
DY =ac, @z, and y T ——" 1
The denominatoysg of the fr

alues of o and y are

7in the form \”1 A \;
g b2

Iminant, [y jo sald {0 be of the second

(8] rows ?lﬂ(l t\\’() C()lllllln-‘i.

and b, are called

The letters

the elementg the determinant

its Principal diago ¢ value of 4, determinant,
! d by sub_tl m the prodyet

of the other :,?Vt)lz;en(:::ts. e dlilgollu], the Producs
Similarly, the NUumeratopg of the ¢

a dete
order since it has tw

ay, A, bl:

l‘action;ﬂ v

alues of x
at fop
and for y beingl a ¢ ]

and y
S 3 Cy bl
T beine

= Ca b-:

Uy
The values of
T
and o ;nay be Wit oq " delenninant
G b,
symbols apq are pel 0 b e I -
i L= 3 2
‘-—\‘___

\ (N hr\n ang Y= l:l-hil:‘\
nm““"““l‘ o L(;': by \ u\\»_ I:-;\
deno_mj”t,ltm_ h Slibgg; "’.\’:tlug of = i obtained from the
the {Of‘.mmnm - 3 ltutmg for the colump \'l ‘(1112, which are
“lumy, . f w1 * 1 tho Even YQations (1) and (2), the
j l‘”““’“ (e

,“\ Nlarly, the numerator of
\ Gy, '
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the value of y is obtained from the denominator by replacing

1 &1

the column 2 by

The following illustrative examples may serve to show the pOSSi‘
bilities arising from the use of determinants:
1. Solve 2zx+44y=14

3z+ y=11.
14 4
BT 1| 14-44 _—30_,
#=| 2 4 312~ =10 =
| 3 ll
2 14
13 11 l_zz—:g_ —20_,
=1 1 l_*—io I T
3 1

2. x—3y=6
dx —5y =24,

G o
__| 20 =5 |_ =30+472_42_
"_I 1 —3| —5+12 79

4 -5

| 1 6 |
. Z 4 D
v=ls 2l s-m_p g
i 'l i

Exercise 156
Evaluate the following determinants:

1. |3 -— Ans. 18. 2. 12 3
2 4 5 71
3. 16 —2 4, -5 =3 5. | a C‘
4 =3 | I —6 —2 | b d
6. | 2a —4b 7. | a+b —b ’
36 Ta |. b a—>b
8. | 3a> 2ab l 9. 1 ,1-,—}—‘.3]
7ab  4b7 | z—y Y
10. | 2a-+3b a—Db
3a—2b 2a—0b |.
7 Solve each of the following systems by determinants:
T 11, 2x—3y=—10 12, 5z+11y=13

3x+5y= 4. 3x— Ty= 1.
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13. 2z+5y=—14 ~14. 3x—5y=7
3z—Ty= 8. 5x+3y =6.
-15. 5z+9y =28 16. 8Sz+49y=26
72z+3y =20. 32z — 3y =26.
17. 21z—23y= 2 18. 3x—7y= —38
Tx—19y=12. Jy—Tx= —'72,
19. z—4y=-1 20. 5x+Ty=49
W—iz=—2. : Tz+5y=47.

163. Systems of equations in more than two unknowns.

We have already found that such an equation as 3z-+2y—
z=5, (1), has a limitless number of sets of values that satisfy
it. (See § 159.) It will be shown in analytic geometry that
the locus of such an equation, with reference to three axes,
x, 9, and z, each perpendicular to the other two, is a plane in
space. Such an equation as 3z+4-2y—z=38, (2), has no set of
values in common with (1) and they are said to be incom-
patible. The locus of (2) is a plane parallel to that of (1). If,
however, we take such an equation as 2x—3y-+z=7, (3),
(1) and (3) will be found to have many sets of values in com-
mon, for adding (1) and (3) gives 52—y =12, which is a linear
equation and has a limitless number of sets of values.

Equations (1) and (3) are said to be independent equa-
tions since neither can be obtained from the other by any
process that does not destroy the relation among the un-
knowns.

Three independent equations in the same three unknowns
that form a simultaneous system have but a single set of
values that are common for all three. We must have as many
independent equations as there are unknowns if we are to
find the solution of the system.

The system 3z+2y—z= 5 (1)

26—3y+z= T (3)
and z+ y+z=-—3 (4) may be solved by any
one of the three methods given in § 161 but Method I is
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very convenient, for adding (1) and (3) gives 5z —y=12 (5)
and adding (1) and (4) gives 4x--3y=2 (6).
Equations (5) and (6) form the simultaneous linear svstem

Se— y=12 (5)

4x+3y= 2 (6) which may be solved by Method I by multi-
plying (5) by 3, and adding the product to (6) gives 192=38,
or x=2. Therefore y=—2 and z= —3.

Exercise 157

Solve the following simullancous systems:
@ Bz— 4y+ 6z= 60

1. 3z—2y+ 2= 8
2e—3y—2z=—1

z+ y+ z= 3.

3. 3z+5y+62=31
3x44y+52=206
2u+43y+4z=20.

b. a+2b—3c= 6
2a+4b—Tc= 9

3a— b =23.
TN 2z—y= 8
- By—z=13
4z —w=16
Sw—x=13.
fad fhi
I e
1.
2WLs
T 2z

dx— 5y+ 4z= 20
10z—12y+152=180.

@ a+y=5
y+z=7
x+z=9.

7@ Te+y =4z4w

r-w =y
2243y =15+w
3y+8 =T7x+42z43w.

8.) x+y+z=6
Yy+z+w=9
r+z+w=8
r4y-z+w=10.

109 L 2w

B 5-3—!—3—0
1 3
17_5+4—0
1 4
_z—5+2_0

164. Simultaneous systems involving three or more un-
knowns may be solved very conveniently by determinants
obtained in the same manner as were those of § 162. A

285
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system with three unknowns will involve a determinant of
the third order with three rows and three columns; one with
four unknowns, a determinant of the fourth order. Deter-
minants above the third order are best studied in a more
advanced course.

A determinant of the third order may be defined as a com-
pact method for indicating six products of three factors each,
three of which are positive and three negative.

/\

N

Determinant =a,bacs+ashszey+ azbics

— agbscy — azbics— arbscs.

The arrows indicate how the products are obtained and
their character.

Tlustrative example.
1. Solve 2z+4+3y4+ z=11

z+2y+3z=14
3z4+ y+2:=11.

s 1 2 11 1 3 3 11
14 2 3 1 14 3 1 2 14
sl Age1l 2| . s .1 an )
T T T U R T W A O R
1, 2. 3 12 3 ‘12 ?i
3% g 31 2 31 2

Note that the determinant denominators are the same for all three
unknowns and are the columns of the coefficients of z, %, and z in their
order. Note that the numerators are obtained from the denominators
asin § 162 by replacing the column of the coefficients of z, ¥, or z by the

column of the constants | 11
14
11.
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The value of the common determinant denominator is obtained by
following the terms of the definition of a determinant of the third order.

2 31
1 2 3 (=22241-1-143-3-3—3-2-1
31 2

—1.32—2-1.3=8+14+27—-6-6-6=18.
The determinant numerator for r=11-2-2-4+14-1-1411-3-3
-11-2.1—-14-3-2—-11-1-3=44 414499 —-22 -84 —-33 =18
l-2:1. Similarly, y='3—(f=:?. and :=‘31%=3,

S ETT 1S i

Exercise 158
Evaluate the following determinants:

2 1 5 5 1 6
1. 3 2 3 |Ans. 31. 2. |3 4 2
1 4 2 L 2 3 3
2 4 =2 5 10 -3
3. 0 3 3 4, 1 3 6 2
-1 -5 0 | 2 4 -8
a 3 -3 [ a b b
5. b 2 -4 6. | b a a
2¢ —1 2| la b a |
Solve the following simultaneous equations by determinants:
7. 2x+43y—2z= 2 8. a+ y+ z= 6
3x— y+ z= 4 2v— y— z= 3
42y —3z=—4. 3x+4y+3z=16.
9. 2a— b+ ¢c= 12 10, x4+ y+ z2=— 5
3a+2b—2¢c=—10 2u+3y—3z= 5
5a+3b+4+ c= 6. 3x—2y+4-4z=—18.
11, 224-3y-+4z=19 12, 4x+43y= 3
bx—2y—3z= 4 6y—2z= 7
Ty+5z= 0. Sx+3z=—5.

165. Solution of problems.

Exercise 159
Some of the problems of algebra may be classified according
to the essential feature on which it is best to build the neces-

sary equations.
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I. Work problems. Issential feature: what fraction of
the whole work is completed in some unit of time? _

1. If A works alone, he can lay a cement walk in 10 days.
If B works with him, they can lay the walk in 6 days. How
many days would it take B working alone?

Let z represent the number of days that B would require
if working alone.

In one day A ean do 1—10- of the work and B, % of the work

and both together will complete -1%—[—% of the whole.

But according to the problem they will finish % of the

: 1
walk in one day, therefore the equation, ].]_.04_}7::6'

2. Two men if they work together will finish a certain
task in 10 hours. If, at the end of the 6th hour, one man is
withdrawn the other will finish 12 hours later. How many

hours would each require if working alone?
: 1L
The equations —t—=—
quations are x+y 10 (1)

6 6, 12

Can you explain (1) as in No. 1 and (2) by the axiom that
the whole is equal to the sum of all of its parts?

3. Water may enter a tank through three pipes A, B, and
C. If the tank is empty and all the pipes are opened, the
tank will be filled in 22 hours. If A and B alone are opened,
it will be filled in 32 hours. If B and C alone are opened, it

will be filled in 4% hours. How many hours would each pipe
require if opened alone?

1

e LAl
The first equation is 5—{-;{‘}4—5—2—%

&2
o
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4. A tank has one outlet pipe and two inlets. If the tank
is empty and all are opened, it will be filled in 12 hours. If
the outlet is closed, the two inlets will fill it in 6 hours. If
the smaller inlet is closed and the outlet opened the larger
inlet will fill the tank in 60 hours. If the tank is full and the
inlets closed how long will it take the outlet to empty it?
If empty and the outlet closed, how long would it take each
inlet alone to fill it? What would happen if the tank were
full and the outlet and the smaller inlet were opened?

II. Mixture problems. Issential feature: what part, or
per cent, some element is of the whole mixture.

5. How much salt must be added to a 29, salt solution
weighing 20 lbs. to 111:1ko it a 5% solution‘?

(20)+2=:75(20+2).

The equation is — 1 00

Can vou explain it?

6. A druggist has an acid in two strengths, one 709, pure
and the other 959 pure. How much of each must he take to
make 20 liters 859, pure?

100

70 95 85
100° +100% =100
7. How many quarts of milk testing 497, butter fat must
be added to 20 quarts of cream testing 229, butter fat to
make the cream test 16%
The equation 1s ’c+10020 100( x+20).
rr'ﬁl‘-I—I‘ Digit problems Issential feature: if letters are used
for “digits the place of the digit must be accounted for by
multiplying by 10, 100 . . . . .

8. The sum of the digits of a two-digit number is 12 and,
if the digits were interchanged, the resulting number would
be 18 more than the given number. What is the number?

The equations are z+y=12 and 10x+4y418=10y+x.

Explain these.

The equations are x+y=20 and — 20.
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2 9. The sum of the digits of a three-digit number is 14 and
the units’ digit is equal to the sum of the other two. If the
tens’ and hundreds’ digits were interchanged, the number
would be increased by 270. What is the number?

The equation from the last condition is 100z+-10 y+4z+270
=100y4-10z4-z. Can you explain?

IV. Uniform motion problems. Formula, d={r.

10. A freight train running 30 miles per hour is 50 miles
ahead of a passenger train running 40 miles per hour. In
how many hours will the passenger train overtake the freight
train? Solve by a graph before solving by an equation.

11. A train running 30 miles per hour requires 20 minutes
longer to go a certain distance than a train running 40 miles
per hour. Find the distance.

12. Two automobiles start together in the same direction
around a circular track. One can make the circuit in 2%
minutes and the other in 3 minutes. In how many minutes
will they be together again?

Hint. The faster machine must gain one circuit and the equation is
T T
2—%—§ =1,

V. Lever problems. Essential feature, Law of Levers,
Lw=1W, or the weight on one arm times its distance from
the fulerum equals the weight on the other arm times its
distance from the fulerum.

13. Assuming that the bar of the lever itself has no
appreciable weight, how far from the fulerum on one side
must a weight of 100 lbs. be placed to balance a weight of 80
Ibs. placed five feet from the fulerum on the other side?

The equation is 5-80=100z. Explain by a figure.

14. A lever 16 feet long, with its fulerum at the center. has
a weight of 12 lbs. hung at one end and 8 1bs. hung at the
other. Where must an additional weight of 8 1bs. be hung to
provide an exact balance?
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At the first reading of a problem the student should ascer-
tain (1) if it belongs to some particular group, (2) how
many unknowns are involved, (3) if there is sufficient data
for the necessary equations.

15. How much cream testing 169, butter fat must be
added to 40 quarts of milk testing 39, butter fat to make the
milk pass the legal test of 49, butter fat?

16. A works three-fourths as fast as B and both together
can finish a task in 51 hours. How long would it take each if
he works alone?

17. A certain government has two kinds of old coins, one
959 silver and 59, copper, the other 8097 copper and 2097
silver. How much of each must be used to make 2000 lbs. of
metal for coinage 929 silver?

18. The sum of the digits of a two-digit number is 9 and
if the digits were interchanged, the number would be increased
by 27. What is the number?

19. A lever 12 feet long, having a weight at each end, is
balanced at a point 43 feet from one end. If the weight on
the shorter arm is 100 1bs., what is the weight on the longer
arm? .

20. A man invests $12,000 in two kinds of bonds, a part
in 69 bonds at 92 and the rest in 59, bonds at 70. If his
annual interest is $800, what is his investment in each kind?

Hint. If x is the number of dollars that he invests in the first kind,
then 2/92 is the number of those bonds that he buys and 6x/92 is his
annual interest from them.

21. A merchant has an acid in two strengths such that 10
quarts of the first kind and 8 of the second makes a mixture
809, pure, while 7 quarts of the first and 2 of the second makes
a mixture 849 pure. What is the 9 of purity of each kind?

22. A man invests a certain sum in 59, bonds at 90 and
twice as much in 49, bonds at 80. If his annual interest from
the investment is $560, what sum did he put into each kind?
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. 23. How much pure copper must be added to 500 1bs.
known to be 909, copper to make a metal 967, pure?

24. How much tin must be added to 2000 Ibs. of metal
testing 929 copper and 8%, tin to make the mass 8877 copper?

25. A and B can do a task in 5% hours, that A and C
could do in 6% hours, and B and C in 7% hours. How many
hours would it take each if he worked alone?

26. A camp equipment of 90 lbs. is swung on a pole be-
tween two boys. The boys are 10 feet apart and the weight
is suspended 4 feet from one boy. What weight does each
carry?

27. The sum of the digits of a three-digit number is 10.
If the tens’ and units’ digits are interchanged the number is
increased by 27. If the units and hundreds digits are inter-
changed it is increased by 198. What is the number?

28. A man invests a certain part of a sum of money in 5%
bonds at 90 and the rest in 49 at 80 and his annual interest
is $992. If the first part had been invested in the 49 bonds
at 80 and the rest in the 59, bonds at 90, his interest would
have been $984. What amount does he invest in each?

29. A messenger starts from a camp at the rate of 10
miles per hour, and 15 minutes later a second messenger
starts after the first at the rate of 15 miles per hour. In
what time will the second overtake the first? -

30. If a number%f two digits is divided by the sum of its
digits the quotient is 7 and the remainder 3. What is the
number if the digit in units’ place is 3 less than the digit in
tens’ place?

31. A certain number is added to each of the numbers 2,
9,3, and 7. If the product of the first two results equals the
product of the second two, what is the number that is added?

32. A country grocer sells Mrs. Brown 3 pounds of butter
and 4 dozen eggs for $3.60. He buys from Mrs. Jones 4
pounds of butter and 5 dozen eggs for $4.00. TFind the grocer’s
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retail price on each if he makes a profit of 10 cents a pound
on butter and 5 cents a dozen on eggs.

33. A grocer wishes to mix 60 lbs. of coffee at a total cost
of 816.00. If he uses two grades of coffee, one costing 36
cents and the other 20 cents a pound, how many pounds of
each must he use?

34. The sum of the digits of a two-digit number is 12. The
quotient of the number divided by the units’ digit is 6. What
is the number?

35. A chemist has an acid in two strengths, one 859 pure
and the other 609}, pure. He has an order for 15 ounces of
the acid 759, pure. How many ounces of each kind must he
use to fill the order?

166. Applications of the indeterminate equation.

/ /A

g Exercise 160
1. Find all positive integral sets of values for 2x+4-3y=27.
27 —3y L=
2 2
Now if the value of  is to be an integer such values of
y must be used ¥
as will make £
l%y Zero or an ™
integer. If y=1, <
the fraction be- )
comes zero. Ify }_:»\ N
=3, it becomes S
—1. Therefore N
when y= 1, o
33 5; 71 el \\X
then a=12,
9, 6, 3. —Y

Expressing x as a function of y, x= =13—y

5337{{4
v

/
s |

L
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There are four sets of positive integral values. A caref 11_1!3'
constructed graph will pass through the four points as in-
dicated in the figure. ) _

2. In how many ways can a debt of $89 be paid with $2
and $5 bills? )

3. A man wishes to pay a bill of $2.23 in cents, dimes, and
quarters using the same number of cents as of dimes. In how
many ways can he do this?

4. A child’s bank is found to contain $2.84 in cents, nickels,
and dimes. If there are 60 coins in the bank, in how many
ways can the amount be made up?

5. A farmer makes a shipment of chickens, ducks, and
turkeys, 45 fowls in all. The shipment nets him $120, the
chickens netting $1.00 each, the ducks $2.50, and the turkeys
$4.50. In how many ways may the shipment have been made
up?

6. A wholesale grocer has coffee in one pound cans which
he sells at 25 and 35 cents, respectively. He fills an order for
$22.55 made up of cans from both varieties. In how many
ways can he do this? How many of each kind would he have
shipped if the purchaser had requested that the number of
each be approximately the same?



CHAPTER XIV

e

EXPONENTS, RADICALS, AND IMAGINARIES

167. Exponents. Define each of the following: power,
root, square root, cube root, term, like or similar terms., .

“We have defined an “exponent as & number so placed as to
indjcate how many times another number is to be taken as a
factor. All exponents so far in our study of algebra have been
positive integers or, when literal numbers, have been assumed
to be positive integers. It is the purpose of this chapter to
expand our knowledge of exponents to include the whole field
of real numbers, i.e., zero, negative numbers, and fractions,
as well as positive integers.

We have learned and used the laws of exponents (sce pages
68, 197, and 200), which were conveniently stated in the
following typeforms or formulas:

_I.For multiplication, a™ar=a™*" and (a™b») (azbv)=
am+ xbn +u,
Tor division, am+a»=a™"" and (amb")=+ (azbv)=
am—=hnv.
III For finding a power, (a™)"=a™", and (amb»)==am=br=.

The typefmm for finding a root has not been given previously, but
the rule may be found on page 200 and the typeform will be made
evident by the discussion and Tuse of fractional exponents in this

chapter. ‘ -
IV, For finding a root, Yar=ar, and Y gmpn =q~b~
Tor convenience we repeat the proof of the rule for finding
the exponent in multiplication. It is as follows:
amar= (a-a-a-a . . . to m factors)-(a-aaa ... to n
factors) = a-a-a-a-a-a . . . to m~+n factors, or am+n,
295
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State the rule for finding the exponent of a letter in the
produet of several terms involving different literal factors.

Make the proof for it similar to that just given for a=.a™.
Similarly, prove both typeforms for division and state the
rules.

Prove the typeforms for finding a power and state the rules.

Exponents are very convenient for writing compactly very large
numbers. For instance it is said that the cost of the Great War to the
world was £200,000,000,000. This may be written $2-10'.

The “light year” of the astronomer is the distance that a ray of light
will travel in one year, or 365-24-60-60-186000 miles. (A ray of light
travels 186000 miles in a second of time.) This distance is a little less
than 58657.10°% miles. Check by actual multiplication.

Exercise 161
Write at sight the result for each of the following :
1. (@9 2. (ame 3. (b%)= 4. 107
5. (me)b. 6. (am=)2. 7. (am=)n, 8. (am)m.
9. (a2)%. 10. (a™)m(ab=). 11. (a?bm)-(arb?).
12. (3%-2%)-(3*2%). 13. (22.3%-5%2 14. (azb=)"-(a"bm)=.
15. (adb*) =+ (a'V?). 16. (3abc®) + (abe?).
17. (5°3%-2°) + (528229, [18. (24arbn) + (3a%?).
19, (a*%") = (@*0%c)-(abc?) = (ahc?).
20. (z%y%) + (wy2)-(a%y2®) + (xy%2)- (a2yz).
21, (zobv)®- (xbv)3 = (a2b3)e. (23b2) v,

168. The zero exponent and-its-meaning.

According to the typeform for division, ¢®*+a®*=a’ Simi-
larly, gm+a» gives a® when m=n. If the division of ¢* by
@* is performed in fractional form the meaning of a° is evi-

a.?-
dent for =i ~a’=1. Or, by the typeform for multipli-

cation (a+b)™ (a+b)°=(a+b)». But (a+b)m-1= (atb)m.
= (a+b)°=1. Hence we have the principle: \
. Any number expression whose exponent is 0 is numerically |
/ equal to 1.
i
s o : A

3
A=t A

&3
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Exercise 162

Simplify each of the following:
1. a*a’db. 72. a*-b'.-do. 3. (2a)*-(2a)°-(2a)3.
-4, (a=bveid®)o. 5. (ax—by)* (ax—by)° (ax—by)3.
I'ind the numerical value for each of the following:
6. 52—404-32.30—20.934 92
7. (4a—2)°4-7-2°—(7-2)°— (6 —3a)"+4 (42— 33)0,
S8, (12— ()04 (D20 (2324748204 (4] — 2p)°.

169. The negative exponent and its meaning.

I'rom the typeform for division we have @¢*+a*=a~! and,
in general, am<+a"=a™"" gives a negative exponent when m
1= less than n.

When the division is placed in the form of a fraction and
reduced to its simplest form, the result is as follows:

(_1_:1 (Dividing both members by a2) Evidently, since
o g 3

2

: az . 1 1
a*+a® gives a™' and o3 gives — then a—IEE- In general

+ v 1 e i ! "
reqgrtv=q~v ¢ — =— aV=—
a‘*-<-a a anc aztv _az=ar _ av a

Hence the principle:
The minus sign before an exponent indicates that the recipro-
cal of the expression affected by the exponent is to be taken with

the cxponent posilive.
IFor methods for clearing a term of negative exponents

study the following:

Illustrative examples.

o, 1_2 te=q2. L.,
1. 2a l=2'Z_E 2. a*bc=a 5 C=T
1 2b
3 2(:’11)_2‘_(;'1):1:?9_;12_3
eyl ¥ ay
.z:"f 5
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Example 3 makes evident the following rule:

A factor may be moved from numerator to denominator, or
Jrom denominator to numerator, without changing the value of
the fraction if the sign of the exponent of the factor is changed.

Negative exponents furnish a convenient method for expressing small

=5-10"5.

: i F__ 9
decimals. For instance .00005 = 100000

Exercise 163

Clear each of the following of negative exponents and simplify
if possible:

1. 2a-%hc—!. Ans. % 2. 3 tab-t.
alc
), 201 3-1lab~'¢c
3. abe 1d 4. = : W
g mla—=b)-! ‘ 2(a—b)—1 6(c—d)2
i e 7. 3 (o—a)= Ans e
. 1o
g, 3a'(z—y) % gl aii=bt o b _b—u
T 2720 3(z—y)c2 YaEEtrst 1 1 bta
__;_3
a
x-1+?l—l. \ :E_l_?f_l
10. ey 11, e e
T .2
it e gyt T Y _q
T3—y3 13. = 4yt _1__.i
: z y*
\ a~-l— 3b~1. 4-1_9-1 1
14, o g 15. =y Ans. =
3-1—5-1 *17. 2-2.3.4.6-2,
16, s=—p=
20.2-8—2-2 ; s e A
18. oo 19. 5-2.25.2(7) 2.
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Write without denominators:

2a_ =1p=1 3xy
20. e =2ab- ¢, 21. S
22. 3% _3q(a—b)-. 23, 3.
a—b T— J
2be 3
24, bo—oF 25. P o e
a*—2ab-+b?
26, mtmn+nt

Exercise 164

First perform the indicated operalion, then clear the result
of negalive exponents.

1. (zl—y 12 2, (x?—2zx Wy 14y (x-1—y).
3. (a1—=0b1)8 4, (z2—21—6) (z1-2).
5. (z2—D+(z1=2)f 6. (z7—y~)=+(z1—y).
T. (x4 + @ Fy).

8. [(a7%FDb )+ (e +571).

9. (z%—3x243zx1—1)+(z1—-1).

10. (z'—2242r1—1)+ (x2—a14+1).

11, (z—2—2zx71+1)% 12. (zYy2—aty—1)s,
-13. (2a1'—7—3a) (4a'+5).
—/14. (a=04-2+4ab ) (a7'b—24ab™1).

170. Meaning of the fractional exponent.

Since z!-at =al+i=2f or & (Typeform I), therefore a*
is one of the two equal factors of z, or ! is the square root of
x, ie. ' =Yz Similarly a}-2}-23=2% or 2. .~ =2
Also ai.-23.23=2t or 2% .~al= Vz®. But 2= (ad)2
sxd=(Jz)? and ¥Vai= (V)%

Hence the principle:

The denominator of a fractional exponent indicates what
root of the number is to be found and the numerator indicales.
what power.
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Exercise 165

Write with fractional exnonents and simplify where possible:

1. V2. 2. 3. 3. 2va. 4. 345
6. 242, Ans. 2L 6. vao T, 3 (a+b)A.
8. 7z~ Ans. T, 9. 2a Ja%y. Ans. 2axdyd.

_10. 3Y7y. 711.' abVa®b. Ans. a®bl.
12, ab+ a*b. 18, 3(a+b) va-b.

14. 2uy =y /16, 2z ¥z 7y

16. 4aby2a-'0=  Ans. 2ial.

7. 3(a+b) v3(aTh). 18. (m—n)*¥ (m—n)=>
Write as radicals:

10, al=v@. . 20. B 721 o 99, 2%
93, 2a3. Ans.27an 24 (3ab)i. 95. (3ab)i.

96, 2zl Ans. 20 yZ. 727 zhyis. 28, 2yl
< Write as radicals and without negalive exponents:

1 e
o 30. a-ip! b
29. a T a='bt,  Ans. l’/(_l'
31, 2-tatzL 32. (a+b)-t. 33. 3(z+y) i
34, 2-3a}(b—c)7h 35. 3alb-icl.
] Write without denominalors or radical %gns
2 2a vy 3ab
36, —=2(z—y)t 37. /= O
vz—y ) vay 38. vala+b)
2a abe .
3b(xz—y)’ ¥ & +2ap+-c? e x4yt

171. Principal root. Since (42)?=4 and (—2)2=4, it is
evident that 4 has two square roots, +2 and —2. Simi-
larly every number has two square roots. We shall also
discover that every number has three cube roots, four fourth
roots, and five fifth roots. Some of these roots will be found
to be neither rational nor irrational, but will require a new
kind of number. (See § 180.)
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When there are two real roots they are equal in absolute
value, but opposite in character, as +2 and —2, the square
roots of 4.

It is convenient to define the principal root of a number as
its real root if there is but one real root and as its positive real
root if there are two real roots, that is v4, or 4=2, 8 or
8=2, §—27 or (—27)}=—3, and ¥V —32 or (—32)t =—2.

Hereafter, unless otherwise stated, the radieal sign and the
fractional exponent will indicate that the prineipal root only
is to be taken.

It is necessary to keep in mind that the root of a number is
one of its equal factors, two if a square root, three if a cube
root . . . , but the roots of an equation are the values of the
unknowns that satisfy the equation, one if the equation is of
the first degree in a single unknown, and two if it is of the

second degree.

172. Evaluation of arithmetical expressions with frac-
tional exponents.
Exercise 166
Find the value of each of the following:

1. 94, 2. 8. Ans. 4. 3. 43

4. 9. 5. 8. 6. 9% Ans. .
7. 85, 8. 9-%. 9. 8-%. 10. (H)*

11. (P 12, P 13, 81 14. 125-3,
16. (9% 16. (64)% 17. (.04

18. (.008)~%. 19. (144)-. 20. (—32)i.

21. (—8)-%. 22. (.01)-1. 23. (2.25)%

24. (1.44)-%, 25. (.125)-4.

26. 32+0i=32+31=32-3=31,

o7, 42+ P=21+29=2,

98, 8idi= (291 (2))=21+23=2%,

29, 9327, 30. 43.9:. 31, 8.2,
32. (3% 33. (43)-2 %34. (8-

—
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36. 27-3.8-3+41.62
36. 12+ +4=(22.3)2+33522=2432+ 33+ 22 =2237" =

o

37. (18)2+62.81+24, 38, 6}.42.12!+1873+673-25.

173. Simplification of radicals. : d .
A radical is a root of a number indicated by a radical sign.
If the required root can be found, the radical is said to be a

rational numbes; if it cannot be found it is an irrational
number or a surd, 4, V27, V&b, ... are rational

numbers. V3, {10, ¥a%, . .
surds. (See § 111.) !

The number over the radical sign indicates the order (?i
the radical. When no number is written, the square root 18
indicated, and the radical is of the second order; v 2 is of the
second order, {2 is of the third order, and 42 is of the nth
order.

The radicals treated in Chapter VII were nearly all of the
second order and were simplified, evaluated, added, sub-
tracted, multiplied, and divided. Fractional exponents will

be found helpful in explaining these processes and in dealing
with higher orders of radicals.

Radicals may be simplified in several ways.
I. By reducing the order.
II. By removing a rational factor.

III. By removing the denominator if the radical is a
fraction.

. are irrational numbers or

Illustrative examples.

1. {0={F=31=3t=y3. 3. V50 x D5 V2 =5v2.
4
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Mustrative examples 3, 4, 5, and 6 are worked under the
following—

Rule. In multiplicalion or division radicals of the same
order may be placed under the same radical sign and their
product or quotient taken; and, vice versa, a radical expression
may be dissolved into radical factors of the same order.

This law is apparent if the radicals are written as quanti-
ties with fractional exponents.

For Ya- Yb=(a}-b}) = (ab)} = Yab

and Yab= (ab)l=a}-bi= a-Jb.

Exercise 167
v | Follow the illustrative examples in simplifying the following:

/>~1. ¥36. 2. 425. 3.. ¥216. 4, /125,
o Be) WIZ. 6. J48. 7. 54, 8. 250,

9. T6a5. 10. ¢Sia®e. 11. {56y 12. 686,
13, {128. ,14. {7024, 16. §729. 17. 4128.

i Ll a 35—
18. J134. 9. Vi ' 20. |/3. ol ‘/3

Y
Ans. D@ 22 |/ —23. 4T,
3
- e 3
24. T. »25. V1. 26. ]55&
T 47/ o

27. 2]/ ~28. abl ?b 29. 5|/ 16

oL | _32_“5/; B
¥ l/ +b e ]/...("*T?J°‘ : ' l m+n

i (e A

8. @) 34. (a-}-b)‘ e

35. 4w|/%=2\m. 36. il/_'i-r 37. 4x /9”

e
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- Exercise 168
First simplify and then evaluate correct to .001 each of the
following expressions, using the tables following § 238 for all
square and cube rools.
1 Vi=§V6=1(2446)="

2T 3 4. T 5. ¥3.
6. 2— v3. 7. 4— V5. 8. Vs

9. 512, 10. V432 11. +128.
12. +320. 13. +700. 14. ¥ 500.
15. 2000. 16. v3— V2.

174. Addition and subtraction of radicals.

Since every radical may be written without a radiecal sign
by the use of fractional exponents, evidently the same rules
will apply in the addition or subtraction of radicals that apply
to other algebraic forms. We know that 2a?+3a*=5a* and

that 3at+-5a =84, - 3Va+5va=8ya.
Exercise 169

Simplify and collect all similar terms:
1. V24— VG4 y150=2V6— v6-+5yB=6 0.
2. V32— V18— yB+ V50.« 3. 27— JI2+ V75.
>4 16— V2504 §54 Ans. 0.
5. V5i+2v2i— y90.
6. 2Y8T— ¥192+3 ¥ 2k
7. A8V Vit V2 28 )
>8. 5V3+2y48— 5108 108,
9. ¥48+ ¥T62— y3%4.
10. 500+ ¥256— 32— V108,
11, J40+5 V5 —4 4320~ VF— ¥ 135.
12. 2VAd+ Va4 ' 25¢° — v 36a.
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. o) 3 v L (s vy

OL_Q —2y) ——
o ff 200 e

14. VF+J/——0vab

15. av (@*—0%) (a+b)+2abva—b—bT{a—b)e.

175. Comparison of values.

The relative values of radicals of different orders may be
determined by the aid of fractional exponents.

Tllustrative examples.

1. Which is the greater, v3 or
Now v3=3{=3i= {3 = Gv").(
and ¥5=5=5= § 5= ¥ 25.

V3 is greater than ¥5.
Arrange in ascending order of magnitude V3, v 5, and

Cz
-

2.

¥ 10.

Reducing to the 12th order (the L. C. M. of 3, 4, and 6),
¥3=34=3 *:—’\;3*= \I_S___

\"3—01—01-—’{15”‘—":1 _22_
and ¥10=10}=10%="y102=

R \f3<\.’10<\f:).
Let the student state the process in the form of a rule.

Vv 100.

Exercise 170
Which is the greater, ¥4 or v6?
Compare’ v2 and ¥6.
Compare V7 and 18.
Compare 47 and ¥19.
Arrange in ascending order: _
5. 7, ¥20, and {50. 6. V2, ¥3, V5, and ¥10.
7. 23,32, and {2880. Hint. 2V3=+vI2.
8. 2v3,2V5,and ¥1700. 9. 5+v2,2+06, and 4¥10.

LR N
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176. Multiplication and division of radicals.

Radicals of the same order may be placed under the com-
mon index and their product or quotient taken. (Sce § 173.)

For ¥3-45=345=(3-5)}= ¥3.5= {15 »

and {12+ {3=(12)3+38=(12+3)i= JI2+3= V4L

By the use of fractional exponents, radicals of different
orders may be transformed into equivalent radicals of a com-
mon order following the plan of the last paragraph and their
produect or quotient taken.

Tllustrative examples.
1. Vo {Jz=atai=zl= 97
2. 5. y2=5L21=5i-2t= yHT.2 = Y200.
3. Jai+Ja= d+rat=al= Yq.
4. 6+ {3=6'+31=64=3%

='Y6'+3 ="y 1206+ 27 =}/ 48.

Exercise 171
Perform the indicated operations in each of the following:
1. va-Jd. Ans. ¥a’, or a ¥a.
\f:c_-j:cl 3. Yo'+ {a. 4. 33E+ Va.
5. 2+ ad + a. 6. 21,.’(,5'3 wla

WE— \’E’)g- A0, (Vv
(Vo— Iy 12. (Vz— ¥9)*
(2a—3bh)2, 14. (ab—bt)s.

/;1. BVaiD)e 8. (7422
11,

/

16. (2= vay+y) (Va+ 7).
(V&= V) (Vo&+ V7).

7. (z—y)+(Vz— 7).
_—8. (@+y)+ (Ja+ ).

*19. (a—p) = (V2= Y+ (Vz+ 4.
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177. Rationalizing factor. It is convenient to transform a
fraction with a radical denominator into an equivalent frae-
tion with a rational denominator. This is known as rational-
izing the denominator and depends upon the finding of a
rationalizing multiplier or factor. (See § 120.)

Exercise 172

What is the simplest rationalizing factor for each of the
Jollowing? Checlk by actual multiplication.

1. +7. Ans. V7. 2. 2v5. Ans. V5.

3. ¥4. Ans. 2. 4. {5. 5. 8.
6. -J2. 7. ¥ad. 8. {ab. 9. 2ab.
10. 27a%. 11. 2— V3. Ans. 24+ 3.

12. V7— V5. 18. 2J3—3 V2. 14. ya+ V0.
16. v5—V3—+2. Try (¥5+v3++2): V6. Why?
16. v3—+2-—1. 17. Ja— vb+ec.

When rationalizing the denominator of a fraction, multiply
both terms by the simplest ratzonalmng factor of the denomi-
nator. %

Illustrative examples.
1 142 2 2 Y 2T 24942 oL

3 3(V34+V2) _3(
VE—42 (V3—+2) (V3+D) 3~2

'S,

Exercise 173
Transform into equivalent fractions with a rational denomi-
nator and simplify:

=

{L o e 9 2 g =,
342 5 9 V2 2
d oty sl g, B0 oy 3D

79 " W {4 © V8
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12 3 7 10 1
8. — 9, 10 — 11
V6 O 2449 v \

- 3 4 5
2. ——. TE AN, ) 14 —°
YoA2-1 A= i
15, V24 {6/ 2 V3—3+v2
— 3v2-243 / T 242-3+3
17 . Gryly, © 18. @ Nb—b~
" Va—+b " bvb—ava

( 19, 2O /20 5. g1 2¥3-—
= 2 \I-(T—2 \"_2 (& \fﬁ—B \T‘*" W :
A ’22' ___.—L_'-'__' 23. —:‘—1‘?_\?-
N5+ V2 V3+ v2+1
g4 E L ab ,
va+ b+ Va+b

178. Exponential equations.

. e~
\ A

Exercise 174

Solve each of the following for x:

~1.

2.

4.
Lt
10.
13.
16.
17
19.
22.
23.

25.
26.

42=16. (Since 16=42, ~4z=42and 2=2.)
32=27. 8. 9+=27. [(32)2=33 or 32+ =35,

A
3

E

~2x=3 and v=1}.]

@

2z=8, =b. 4==8, 6. 16==8.
27==9, 8. 81==9. 9. 25==1.
32==16. 11, 8z=. 12. 8=—=.%.
(3)==27. 14, 3=—1=27. 15. (3)—==8.
xi=4, Hint, (23)?=2223=2 and z=8.
($)==16. 18. (gt,)==81.
Th=2, 20. z3=09. —21. zi=4%.
xz-8=25. Ans. v=+15. e -
=4 24. z—%=1000.
4a‘5={5~. Suggestion. a—fi=3lz-

ga—i=3 7 2T, 2ig—3=125.

/ _:{;7‘31-?'-5
/ L)

"‘IO’J\;:

[y S

3
Z
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179. A binomial quadratic surd is a binomial one or both
of whose terms isa surd of the second degree. 243, v2—
3 v 5, and v5—w are binomial quadratic surds. The general
or typeform is a+b e.

Tt is possible to obtain the square root of celtam binomial
quadratic surds, as follows:

By multiplication, the value of ( V24 3)2 is found to be
542 \,T The value of ( \I.E-l- '\”T))g is a+b+2 v ab where the
rational part, a+b, is the sum of the two radicands and the
radical part v ab has for its radicand the product of the two
radicands of the given binomial.

Therefore v7—2+10 can be simplified if 7 is the sum of
two factors of 10. These factors are evidently 5 and 2 and
Vi—2V10=v5— V2 or v2— V5.

Check by finding the value of (v5—+2)? and also
(V2— V5

The process may be stated as follows:

To find the square root of a binomial quadratic surd, transform
the surd term into the form 2V m. If m has two factors, a and b,
whose sum s the rational term of the binomial, the square root
of the binomial is v a+ b or va— Vb according to the sign
of the surd term in the given binomial.

Tllustrative examples.

1. V7+4V3=V7+42VI2=vi+ V3 or24 V3.
Check by squaring 2+ v3.

2., VO—4v5=+9-2y20=+v5—vior v5—2.

(Note. v 9—4+v5 may be written 2— 3 but v5—2 is the positive
root and 2— 5 is the negative root. Why?)

The root, v5—2, is the principal root.
Tor discussion of principal root, see § 171.
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Exercise 175
Find the positive square root of each of the following:

1. 8—2415. 2, 8=247. 3. 12—6 V3.
ARE10°730:5¢ | '5.  11—4+6. 6. 9+2V18.
7. 31—10+6. 8. a+b—2Vab.

9. 2a+3b+2 v6ab. 10. $—2V1.

11. 93—2+3. 12. a*+b+2ab.

. 180. Imaginary numbers and the imaginary unit.

/ The square root of a number has been defined as one of its
two equal factors. Since a negative number cannot have two
equal factors, its square root cannot be found.

The product of (+2) (+2) and also of (—2) (—2) is +4,

therefore the square root of 44 (written = %) may be either
+2 or —2. Similarly, (+v3) (+ v3) and (— V3) (= V3)
both equal 3, therefore the square root of 3 may be either
+ 3 or — /3.
; But —4 is not the product of two equal factors therefore
1ts square root can only be expressed, as  —4. Similarly for
the square root of —3 and of all other negative numbers.
The fourth root of 416 is either 42 or —2 (prove by
multiplication), but there are no four equal factors whose
product is —16 and the fourth root of —16 can only be
expressed, as v —16.

Such indicated even roots of negative numbers are known
as imaginary numbers, or simply imaginaries. So far in our
study of mathematics, all numbers have been real numbers.

Such numbers as v —2, v —3, v —7, and + —30 may be

—

written as the product of twofactors, thatis v —2= v 2 v —1,
V—3=+v3-V—1, V7= v7-v—=1, and y —30= v30- vV — L.
One of these factors, v2, v3, v7, v30, ..., is a real
number and the other, ¥ —1, is a new number which has been
conveniently called the imaginary unit. Every indicated
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square root of a negative number may be separated into two
factors, one of which is the imaginary unit.

The study of imaginary numbers is largely the interpreta-
tion and application of this imaginary unit.

The letter 7 is fr oquentlv used as the symbol for the 1magi~
n:lr_y_unit. 3+ —1 m written 37, v —2 is written a\f‘), and
v —38 is written 7 v 3.

Now by the definition of a square root we know that

(\f—])-=—-1 or ##=—1. Similarly,

(V=1p=(vy=1)2 (v =1)=—+v =1, or B=i2i=—i.
Also (\’ —It=l{+ =1 F=(=1)=

ori'=()?=(= 1)-—-+1~—*

Or, in tabular form:/ v —1 =1
[ (Vv —=1)2==-—1
\ (V—=1)¥=¢=— =1, or —¢
\(V=l)t=dt=41.

181. Interpretation of the imaginary unit.

It is from an application of this table to the number scale
that mathematicians have obtained a reasonable and very
useful interpretation of the meaning of the imaginary unit.

On the number seale XX, let P be taken at the point + 2,
that is,let the line-segment

OP be 42 units long. Sim- P’

ilarly, let P’ be taken at >

the point —2 and the line- °
segment OP’" be —2 units E

long. ‘o 1

The line-segment OP-X| Y57
may be made to coincide
with the line-segment OP"’
by turning it on the plane
about O as a pivot through
an angle of 180°. But the B
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number, +2, may be converted into the number —2 by
multiplying 42 twice by v —1, or by =

If the angle of 180° is divided into two equal angles cach
90°, then, since multiplication by (v —1)* is :-qui\'ul.(-nt. to
turning the segment through an angle of 180°, multiplication
by N —1 may be thought of as geometriecally equivalent to
turning a segment counter-clockwise through an angle of
90°. And we may define the imaginary unit as an operator
Eha.t rotates a segment about a point on a plane through an
angle of 90° with each application. This interpretation of
the meaning of the imaginary unit expands our idea of
number from that of position on a directed line to position on
a plane. Its application will be found very helpful in many
places in higher mathematics.

The sum or the difference of a real number and an imagi-
nary number is called a complex number, such as 24 v —3
and V24 —5.

Its general type may be written a+b v —1, or a4-b7, where
aandbarerealnumbers. (Forinterpretation ,see Chap. XXII.)

182. Numbers that have v —1, or i, as a factor may be
treated as real numbers have been treated provided care 1s

used in simplifying all powers of + —1, or 7, above the first
under the typeform (v —1)2=—1,

Illustrative examples.

1 V-124v—-2T-3V"3=412 27 v —1—3+F v=-1
=2{V3+3 V3 —iy3=4iy3,

2. (¥=18) (2vV—12)=(3ivy2) (4iv3) =122 y6=—12 V6.

|
2

3. (Vat++v=b) (Ja—v=b)=(va+iyh) (va—ivDh
a-+b.
W 3 __ 34T _ 3249 _3(v2+i)_ & o
V2= =1 (V2-9) (J2+4i) 2-3 3
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Exercise 176

Follow the plan of the illustrative cxamples in sim plifying the
Jollowing : o

1. v —164++ —9—+ —25. Ans. 2/
V=274V —=75— V8. Ans. 8iv3—2y3.
2V —27—3+ —25+4+v —0.
5+ —8la*—8+ —36a>.
2V —8—4v —1243 v —18+5 v —27.
V=30— v =75+ v —72+4 v —08.
4 —964+2vV =54+ —150— v —125.
2V —a*+ v —da+ v —9a5.
3V —a*— + —49a*x+ v —36aix’.
=10. 3y —=1) (v —9). 1. (24—=3) @V —2).
12. (V=18) (¥ =9) (¥ =3)% 13. (— v —12) (v —1I8).
14. (v —2la) (v —14b) (v —6c).
16. (v —6d%) (v —3a) (¥ —20%).
16. (av —1) (by —1) (cv —=1) (dv —1).
17. B3++v—=2) (3— v —=2).
18. (2va—3+v —b) 2va+3v—0).
19. (V5424 —3)2 20. (V3+ vV —=2)%
21, (V3+2v—2) (2v3—+ —2) (10—3 v —0).
22. (v—2++—-3—+v -5
23. (v —a+ v —=b++v—c— v —9)2

£0: 100) 1 1O (O (B AR

6 2a 5
e s — 2 , — —
A 2%. = 6. S
2 )
27. _ﬂb —_— 28. (i(-\___f)“*_—\_._f)‘
avy —b—b+ —a VI — A =T

Find one square root for each of the following:
29. 14+2v —6. Ans. v3+ v —2.
30. 2—2+ —15. Ans. v5— v —3.
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31. 4—6+v —5. 32. 1—12v —2.
33. Ifz=—1+ v —1, find the value of a*+22+7. Ans. 5.

34, If :c=?%‘3, find the value of 2*—3x-+3.

36. Does z= "2 =Y =7 safisfy 202+z-+1=07

Exercise 177. Review

Find one square root for each of the following polynomials
(See § 109):
1. o'—223—3a224+-4a+4.
2. 4a*—12a%b+a?b*+12abP+4-4bt.
3. 4a*+12ab+9b2—20ac—30bc+25¢2.
4, n'—2n3+2n2—n-+1.
-~ 9a* 3a¢® 522 a . 1 /
> ats TtE
6. 9at—12a?—8ai+8at--4.
7. 9x3—12x'—14z-34-12x-34-9.
8. 4n—2—12n14-17 —12n+4n2.

Find one square root for each of the following numbers
(See § 110):

9. 50625. 10. 139129. _>11. 91385.29.
12. 18.2320. 13, 65124900.  14. 2579236.
Find one square root for each of the following, correct to .001:

1biEsD N El s 17: /7 18. 29.3.
19. 338.105. 20. .89.

21. Multiply 2n2—3n-1—2 by 3n-2+4n-14+4.
22, Multiply 263 —3a+4-5 by a? —2at —2.
23. Divide 6x—72t+62t—122t+424+3 by 3at—2zt—1.
Check with =32,
Ezxpress the following in simplest radical form:
24, 2J12— J75+6 \’7'3-
26. V20—4VE—57145
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26. \J'T?,—Q\f‘ :l;_+8_5'60;

3 V53— 2
N A — — =
Vo— \’L+ Vo++/2
[—— 3 \"._5+ \f":j
28. U= —.
v 24+ 76 V3 vo
1,0~
29. (%)%+13\/-5+| =
vV—5++v—3 J-5—+-3

30.

V=5— V=3 v—5+v—3
Express the following with posttive exponents:

m1—pt, minl
8L m=2—n—"2" (m+n)—t
ab'4a-b+1 a2—b2
32¢ a_a_b-:} E a—]b—l :
81— J3(18)i—2.504 (A0 __1 ’
33. 2.8:— J3(18)1—2-5 +( - oer e

[Vl

1

[u]

Simplify the following and approvimate the results, correct

to .001: e i
34. 845y 1—184420-1.501.

fe ;
oS —9vi+12t—250
. g

1 t
A= _9h{ b3
36. 873+ 16t 2544832,

Find one square root for each of the following:

37. D—84i2. 38. 2m+2+ m*—n’.
39. 2+2+y —15. 40. a*—b—2a+ —b.
41, If x=—2— /3, find the value of 22+4z47.
42. Does x=w satisfy 4> —3x+4=07?

2



o CHAPTER XV

Via LOGARITHMS

183. Introduction. L{\ny positive number may be written
a5 azpower of some other positive number.) For instanc®
4f2 » 8=2% }=3-2 If ¢ is greater than O and a*=b, ¥ 138
cald ?0 be the logarithm of b to the base a, and b is the anti-
10“@ of z 'E-go\tfmmsc a. Written compactly the first
statement is log, b=z, which is to be read ““the logarithm of
b to the base a is z.”

Find ' Exercise 178
{" © by inspection in each of the following:

4‘ log:8 =, * 2. log27=u. " 3. log:i=2.
8 logm} = 5. log8=ux. Ans. z=4%.
6. longOO =z. 7. ]-Og“lili_ =x.
8. logwl=x. Ans.z=—1. 9. logn.0l=2-
10. logm.O(]l = 11. ]0[.3'927 = 1.
12, loggd =g, 13. log25==x.

14- long =

Since 6 is between 4 and 8, 6 is between the second and the
thn:d powers of 2, or it is more than 22, and less than 2%
Written in the form used above we have logs6=2. - - - » OF
the logarithm of 6 to the base 2 is 2+ some decimal. When
the value of this decimal is computed it is found to be

approximately .5849. .6=229 or log,6=2.5849.

184. The integral part of the logarithm, or 2, is called the
CP”?@E{’E@& and the decimal part, .5849, is called the
mantissa. In like manner any positive number may be writ-
ten as a power of 2 or of any other positive number except 1.

316
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Common logarithms have 10 for their base and the accom-
panying tables give the mantissas of the logarithms to the
base 10 of all the numbers from 100 to 999 approximately
correct to the fourth place of decimals.

To find from the tables the logarithm of such a number as
457, we note first that 457 is more than 100 and less than 1000,
therefore it is more than 10°. For the decimal part, or the
mantissa, we look in the tables down the first eolumn at the
left for the first two significant figures, 45, and then along
their line across the page to the column headed 7, the third
significant figure, where we find 6599. This is the approxi-
mate decimal value of the mantissa and 457 =102, or
log16457 =2.6599.

Since 10 is the most commonly used base for all logarithmic
tables, it is not customary to name the base unless some
other number is to be used, that is, log 457 =2.6599 will be
the form and is to be read “logarithm of 457 is 2.6599.”

Exercise 179

Find the logarithm for each of the following:

1. 247. (Write your answer log 247 =2.3927.)

9. 209. 3. 425. 4. 755. b5. 333. 6. 129. 7. 999.
8. 500. 9. 852. 10. 102. 11. 771. 12, 101.

185. The characteristic.

Since 45.7=4; of 457, or 10-(457), therefore 45.7=
101! 102659 oy 101659, that is, log 45.7 =1.6599. B

Also 4.57 =13 of 457, or 107*(457), therefore log 4.57=
0.6599.

Now 4570 =10(457), therefore log 4570 =3.6599,

and 45700 =10?(457), therefore log 45700 =4.6599.

Tividently the characteristic depends upon the place of the
decimal point in the number, the logarithm of which is to be

determined.
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The method for determining the characteristic of the logarithm
of a number will appear from a study of the following table:

1000 =10% orlog 1000= 3, log 4570=23.6599.
100 =10% orlog 100= 2, log 457 =2.6599.
10 =104 orlog 10= 1, log  45.7=1.6599.

i =109 orlog 1= 0O, log  4.57 =0.6599.

1 =10%orlog .1=-—1,0rl, log .457=1.6599.
0l =102, orlog .01=—2, or 2, log .0457=2.6599.
.001=10-3, or log .001=—3, or 3, log .00457 =3.6599.

It should be noticed that the mantissa is the same in the
logarithms of 4570, 457, 45.7, etec., because 4570 is the same
multiple of 1000 that 457 is of 100, 45.7 of 10, and 4.57 of 1.

The mantissa is always positive but the characteristic 13
negative when the number is less than unity.

Evidently the characteristic of the logarithm of a number
with integral places is positive and one less than the number
of integral places. The characteristic of the logarithm of a
decimal number is negative and determined by counting the
decimal point and the number of ciphers to the right of the
decimal point and between it and the first significant figure,
or it is determined by the decimal position of the first signifi-
cant figure.

There are two ways of writing a negative characteristic:
(1) as in the preceding table with a minus sign over the char-

acteristic, or, (2) 10 is added to and subtracted from the
logarithm, as follows:

7 Log 457 =1.6599, or9.6599 — 10
Log .0457 =2.6599, or 8.6599—10
Log .00457 =3.6599, or 7.6599 — 10.

We will use the second way throughout this chapter.
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Exercise' 180

Name at sight the characteristic of each of the following:

1. 234. 2. 234. 3. 234. 4. 234, 5. .0234.

6. .000234. 7. 999999. 8. 77777.7. 9. 100000000.
10. 1000.001. 11. 10.000007. 12. .000000001:
Find the mantissa from the tables and write the logarithm of

each of the following:

13. .0999. Ans. log .0999=28.9996—10.

14. 57700. 16. 4590. 16. .00577. 17. 3580000.
18. 93000000. 19. 5280. 20. .00004. 21. .000000435.

186. To find an antilogarithm. If the logarithm of a num-
ber is known, it is only necessary to reverse the process in
using the tables to locate the number.

What number has 2.5119 for its logarithm, or what is the
antilogarithm of 2.5119?

A search through the tables of mantissas locates 5119 as the
mantissa of 325 and, since the characteristic is 2, the anti-
logarithm of 2.5119 is 325.

Similarly, log 63300=4.8014 antilog 4.8014 — 63360.

Exercise 181
Find the antilogarithm of each of the following:
1. 1.2201. 2. 5.3010. 3. 3.4871. 4. 8.8779—10.
5. 7.6464—10. 6. 9.8779—10. 7. 0.3010. 8. 7.9991.

187. The approximate logarithm of a number of four
figures may be found from these tables in the following
manner:

Given the number 2086. We find the mantissa of 208
which is 3181 and of 209 which is 3201. The difference be-
tween these two mantissas is 20. Now 2086 is % of the in-
terval between 2080 and 2090, therefore its logarithm should
have the mantissa 318146/10 of 20, or 3181412, making it
3193. Therefore log 2086 =23.3193.

The logarithm of 457.6 is 2.6605.
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Ni| oo —=u
LU ___1__2__} 4 5 6 b 8 9
10 | oooo 3
11 | od1s 82;:% 0dS8 0128 0170 | 0212 0253 0294 0334 0374
12 | 0792 0828 0303 0&:31 0569 | 0607 0645 Q82 0719 0755
13 | 1139 1174 120»6 0299 0934 | 0969 1004 1038 1072 1106
14 | 1461 1402 [1503 3209 1271 | 1303 T335 1367 1399 1430
N 523 1553 1584 | 1614 1644 1673 1703 1732
1761 1 P
16 | 2041 2?}33 5 3.;? 1847 1875 | 1903 1931 1050 1087 2014
17 | 2304 2330 a2 2122 2148 | 2175 2201 2207 2253 2279
18 | 2553 2577 og07 o000 2405 12430 2455 2480 2504 2529
19 | 2788 2310 = 01 2625 2648 | 2672 20605 2718 2742 27065
= 833 2856 2878 | 2900 2003 o045 2067 2989
3010 3 = =
21 | 3222 3002 g%’; 3075 3006 | 3118 3160 3181 3201
22 | 3424 3144 340y ooor 3304 | 3324 3365 3385 3404
23 | 3617 3g3g oo 2483 3502 | 3522 3560 3579 3598
24 | 3802 3830 g§gaa Soi4 3692 | 3711 3747 3766 3784
i 3838 3856 3874 | 3802 3027 3045 3962
3979
%6 | 2160 2‘1’8; A% 4031 4048 | 4065 4082 4000 4116 4133
27 | 4314 4330 ga00 4200 4216 | 4232 4249 4205 4281 4208
28 | 4472 4487 4500 go02 4378 | 4303 4400 4425 4440 4450
20 | 4624 1gagy 4-3__.. 4518 4533 | 4548 45G4 4570 4504 4609
U54 4669 4683 | 4608 4713 4728 4742 4757
30 | 4771 4786  480p an 4000
31 | 4911 4908 o 4814 4820 | 4843 4857 4871 4880 3 (
32 | 5051 5065 agre 2055 4969 | 4983 4907 5011 5024 5038
33 | 5185 oion 52:9 5092 5105 | 5119 5132 5145 5150 517 2
34 |'sats Raoe 115224 5237 | 5250 5203 5276 5280 5302
¥ 5340 5353 5366 | 5378 5301 5403 54106 5328
5 5 -
36 |lese Sé—;?; 5105 5478 5490 | 5502 5514 5527 5530 5551
37 | 5682 5093 ooSI 5599 5611 | 5623 5635 5617 5uGS HOTO
38 | 5798 5809 éqs 2717 5729 | 5740 5752 5763 5775 5780
39 | 5911 2909 '39”1 9832 5843 | 5855 5866 5877 5888 56800
s 5933 5044 5055 | 5966 5977 5988 5999 6010
6021 = - 6117
41 | 6128 ogos o132 6053 6064 | 6075 GOS5 GOUG 6107 6117
42 | 6232 6243 gogy OL00 G170 | 6180 6191 6201 6212 6222
43 | 6335 ea4s 65-;1:: 6203 6274 | 6284 6204 6304 6314 6325
44 | 6435 6442 9303 6365 6375 | 6385 6395 6405 6415 6425
454 6464 6474 | 6484 6403 6503 6513 6522
45 | 6532 6542 6551 gsoy 5 3 318
z 51 : 6571 | 6580 6590 6599 06609 60I1E
46 | 6628 60637 6646 6656 6665 | 6675 6684 6093 6702 6712
47| 8721 6730 6739 6749 6758 | 6767 6776 6785 6794 GSO03
48 | 6812 6821 6830 683 4 s 5 6893
: 30 6848 | 6857 6866 6875 6884 O
49| 6902 6911 6920 6928 @037 | 6046 6955 6964 6972 6981
50 | 6990 6998 7007 7016 7024 | 7033 7042 7050 7059 7067
517076 7084 7093 7101 7110 | 7118 7126 7135 7143 7152
52 | 7160 7168 7177 7185 7193 | 7202 7210 7218 72206 7 235
53 | 7243 7251 7259 7267 7275 | 7284 7292 7300 7308 73 16
54 | 7324 7332 7340 7348 7356 | 7364 7372 7380 7388 7390
Nl o 1 2y B4 B8, 8 131 8 9
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N 0 i 2 3 4 5 6 7 8 9
99 | 7404 T412 7419 7427 7435 | 7443 7451 7450 7466 7474
56 | 7482 7490 7497 7505 7513 | 7520 7528 7536 7543 7551
57 | 7559 7566 7574 T582 7589 | 7507 7604 7612 7619 7627
58 | 7634 7642 7649 7657 7664 | 7672 7679 7686 7694 7701
59 | 7709 7716 7723 7731 7738 | 7745 7752 7760 T767 TiT4
60 | 7782 7789 7796 7803 7810 | 7818 7825 7832 7839 7846
61 | 7853 7860 7868 7875 7882 | 7889 7896 7903 7910 7917
62 | 70924 7931 7938 7945 7952 | 7959 7966 7973 7980 7987
63 | 7093 8000 8007 8014 8021 | 8028 8035 8041 8048 8055
64 | 8062 8069 8075 8082 S80S9 | 8096 S102 8109 8116 8122
65 | 5120 8136 8142 8149 S156 | 8162 8169 S176 8182 8189
66 | 8105 8202 8200 8215 8222 | 8228 8235 8241 8248 8254
67 | 8261 8267 8274 8280 8287 | 8203 S200 8306 8312 8319
68 | 8325 8331 8338 8344 8351 | 8357 8363 8370 8376 8382
69 | 8388 8395 8401 8407 8414 | 8420 8426 S432 8439 8445
70 | 8451 8457 S463 S470 8476 | S482 8488 8494 8500 8506
71 | 8513 8519 8525 8531 8537 | 8543 8549 8555 8561 8567
72 | 8573 8579 8585 8591 8597 | 8603 8609 8615 8621 8627
73 | 8633 8639 8645 8651 8657 | 8663 8669 8675 8681 8686
74 | 8692 8GOS 8704 8710 8716 | 8722 8727 8733 8730 8745
'Z-)_ 8751 8756 8762 8768 8774 | 8779 8785 8791 8797 8802
76 | 8808 8814 8820 8825 8831 | 8837 8842 8848 8854 8859
77 | 8865 8871 8876 8882 SS887 | 8803 8899 8004 8910 8915
78 | 8921 8927 8932 8938 8943 | 89040 8954 8960 8965 8971
79 | 8976 8982 8987 8993 8998 | 9004 9009 9015 9020 9025
80 | 9031 9036 9042 9047 0053 | 9058 9063 9069 9074 9079
81 | 9os5 90090 9096 9101 9106 | 9112 9117 9122 9128 9133
82 | 9138 9143 9149 9154 9159 | 9165 9170 9175 9180 9186
83 | 9191 9196 9201 9206 9212 | 9217 9222 9227 9232 9238
84 | 9243 9248 9253 9258 92063 | 9269 9274 9279 9284 9289
85 | 92094 9299 9304 9309 9315 | 9320 9325 9330 9335 9340
86 | 9345 9350 9355 9360 9365 [ 9370 9375 9380 9385 9390
87 | 9395 9400 9405 9410 9415 | 9420 9425 9430 9435 9440
88 | 9445 9450 9455 90460 9465 | 9469 9474 90479 9484 9489
80 | 9494 9499 9504 9509 9513 | 9518 9523 9528 9533 9538
90 | 9542 9547 9552 9557 9562 | 9566 9571 9576 9581 9586
91 | 9590 9595 9600 9605 9609 | 9614 9619 9624 9628 9633
92 | 9638 9643 9647 9652 9657 | 9661 9666 9671 9675 9680
03 | 9685 9689 90694 9699 9703 | 9708 9713 9717 9722 9727
94 | 9731 9736 9741 9745 9750 | 9754 9759 9763 9768 9773
95 | 9777 9782 9786 9791 9795 | 9800 9805 9809 9814 9818
96 | 9823 9827 90832 0836 90841 | 9845 9850 9854 9859 9863
97 | 9868 9872 0877 0881 9886 | 9890 9894 9899 9903 9908
98 | 9912 9917 9921 9926 90930 | 9934 9939 9943 9948 9952
90 | 9956 9961 9965 9969 9974 | 9978 9083 9987 90091 9996
N 0 1 2 3 4 5 6 7 3 9
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Exercise 182

nng:
Find the approzimate logarithm of each of the following

2755,
1. 4445, £12.:934.7. 3. 125800. 4, .002i9

3125.
7. 7926. 8. 4.188. 9. Loy
12. 1728. 13. 1.732. .4

oun
antilogarithm may bihi pre-
approximately by a method similar to that used in
ceding paragraph.

Given that log x=335
compare the mantissg 3

T we
75, find the nimber z. When W
lies between 3

at 16
575 with the table we find tha
560 and 3579 which

logarithms of 997 and 228, respectively. on 920
Evidently 3575 i the mantissy of a number betwe tweel
and 228 gnq 3.3575 is the logarithm of a number be e

: N 3572
Since 3579 15.19 more than 3560 and :

-

: Tthme
b i gure of the antllogalltli]nt.
1¢ Indicapag the Position of the decimal PO
Exercige 183
Find the antilogarithy, of e )
ach, i
1. 25535, 9 3.6586 of the Jollowing :

L) 1. )2 = 0-4971'
5. 9.8239—19, §. 3.2375. 7 0930;. 4
9. 6.8660—10, 4

o oo T 02386, g, 1-500%'
8 -+ 29949 11. 9.0999—10.
12. 3.7368. 13, 14747 19 14, 6.5999
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189. Applications of logarithms. Since a logarithm is an
exponent, its use furnishes a short cut to the solution of the
following arithmetical operations:

I. Finding the product of several numbers, under the law
of exponents expressed by the typeform am-q»=qgm+n,

IT. Finding the quotient of one number divided by another
under the typeform a=+a==am"".

III. Tinding a required power of a given number under
the typeform (a=)»=a™".

IV. TFinding a required root of a given number under the

typeform V‘T =a~.

. It is to be understood that the accompanying tables will
give results approximately correct only to the fourth signifi-
cant, figure. If more than four places are required, more ex-
tensive tables may be used and the answer obtained correct
to any reasonable number of places. The processes, however,
are identical with those followed in using the accompanying

four place tables.

Ilustrative examples.
1. Multiply 277 by 383.
Add their logarithms.
log 277 =2.4425
log 383 =2.5832
antilog of 5.0257 =106100. Ans.

(277 times 383 =10%425 times
102-552 = 1050267 = 106100.)

2. Find 4.55-.00773-25.6.
Add their logarithms.
log 4.55 =0.6580
log .00775="7.8893—10
log 25.6 =1.4082
antilog of 9.9555—10=.9026. Ans.

3. Divide 378 by 28.9.
Tind the difference of the logarithms.
log 378 =2.5775
log 28.9=1.4609
1.1166=13.08. Ans.

antilog of
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1de .0444 by 645
log 0444 =8.6474 — 10
logr 645 =

ALGEBRA

1.809¢
o096

antilog of 6.8378— 10 -0006883,
5. Divige 24.77 5.

.‘\DS.

3(8:3010 10) ~3(28.3010 -3 =9.4337—10
tilog94337-10==.2714. Ans ,
ei\letel. Barith '€ used i, finding o yoot otII
HE aﬁa B In “Xampla 8, it is Necessary that ]
if' 'b‘lre o, log&rithm o the required root )
li Jhmdef Adex g € rog s is casily accor
e d tht ~10=283010_3p.
€Icise 184
Solye €ach of 4, followm by
L 36559y

@ 84.75%3.67%¢ 024,
3. 93_000000+186000. ‘e 47756
e > T~ 98—
85- '\/3--'3 6. .v'? 7’:‘) (24)4_
—— (085) 9-__x°/.0gl72'8‘.' 10. 473
11, 759, : [}:,35)7 oy,

13. (1 A44)3,
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14. .007. Hint. 3( 8401—10)—— 27.8451—30).
by, VLT 016, YBVZAT5
@)X V213 2327 y11
25. 2 an 5 94
py, S 18, XN
V0125 {215 V345
/O.fxso STX36X18, . |/96.75><5'.475_
l 347 X 8975 C VT X 472
\ ‘ i o

190. Since (1) amar=ant, (2) anrar=an,
(3) (am)n=qa=n, and (4) Vam=a", certain logarithmic ident-
ities can be established.

=

Illustrative example.
Log ab=log a-+log b.
Proof. Let a=10" and b=10".
Then ab=10"-10" =107+ . log ab=m-4n=log a+log b.

Exercise 185
Using the plan of the illustrative example, prove each of the
Jollowing identities:
1. Log %=log a—log b. 3. Log am=m log a.
— m

2. Log a®=3 log a. 4, Log Yar=_- log a.

5. Log abc=log a+log b+log c.

6. Log %b= log a+log b—log c.

2=10g a+2 log b—3 log c.

7. Log a:;

8. Log l/ b—%— 2 log a+log b—log c).
9, Log ya— 2=1[1og (a-+b)+log(a—b)].
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—

Vel 1. . l
_.3 g — — o
10. Log a\%—;i 3 log a+4-2 log b =108 ¢

Complete the Jollowing logarithmic identitics: —

o
11. Log mr2=? 12. Log 4m9=7 13. Log ‘:/

5

3 it — U
j@i =2
14, Log\!s(s-—a)(s—-b)(s—c)——-? 15. Log | b

Exercise 186, Problems
Solve by logarithms -

a ray of light tpq
is 93,000,000 miles from

1t take g ray of light to
€ distance frq

andid
vels 186000 miles per second :Izl(oe—‘"
the sun to the earth, how 101-1;3

reach the earth from the sull-[ sure
m the earth tq the stars is mc? light
Y astronomers ip light-yearg (the distance a ray o i

5
X s - that 1
travels in opq Year). How many miles is it to a star
estimated g4 g light-yeqys

from the egrtp? ) eals
certain bright geq, is estimated to be 300 light
rom the eapty, How many mjleg away is it? calsy
if placed at 69 for 5 ¥
ded annually?
or 5 yearg woul

e amount,
e co ]

at woylq
ceding Problem wer
Hint, Uge (Log)w, ed
What will g5 amount t iy, 9 yearsat 79, compoune
annually?
7. In what time will
annually?

Hint, (1.06)’“:2, ther

j : =log 2 and *=og 1.06 1ded
8. In what time wi] g; double i at 6%, compoul
sern1~annually?
9. In what tj
comp

d amount, to (1:05)51- o pre-
if the interest in th
Pounde Semi-annually?

Jed
S1 double itself gt 6%, compounc

efore z(log 1.06)

st
. . AreS
me will 850 mount to §750 g, 60y, inter
ounded annually?
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10. What sum of money put at 69, 1nte1 est compounded
semi-annually, will amount to $10000 in 5 years?

11. What sum of money at 69, interest compounded
annually, will amount to $10000 in 5 years?

12. The area of a circle is expressed by the formula 4 =
mr%. What is the area of a circle whose radius is 25 inches?

13. How many inches in the radius of a circle whose area
is 1 square foot (144 sq. in.)?

14. The area of the equilateral triangle is expressed by the

formula A =§ V3. How many square inches in the area of an

equilateral triangle whose side is one foot?
15. A regular hexagon is inseribed in a circle whose radius
is 18 inches. What is the difference between their areas?

16. The apothem of a regular hexagon is §S V3 wheresisa

side. Find the area of a regular hexagon whose apothem is

12 inches. -
17. Tind the radius of the circle circumsecribed about a

Square whose side is 12 inches.

18. Tind the radius of the ecircle cirecumseribed about a
regular hexagon whose area is 144 square inches.

19. Tind the apothem of the regular hexagon whose area
Is 144 square inches.

20. The area of the surface of a sphere is expressed by the

formula S=4m2. What is the area of the surface of a ball 10

inches in diameter?
21. How many square miles are on the surface of the earth

assuming it to be a sphere whose radius is 3960 miles?

22. How many square miles are on the surface of the sun
if its radius is applommately 433000 miles?

23. How many inches in the radius of the sphere whose

area is 144 square inches?
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24. The volume of a sphere is expressed by the f‘)"m“]_a
V=4xr". What is the volume of a sphere whose radius 18
12 inches? !

256. What is the radius of the sphere whose volume is 1
cubic foot?

26. How many cubic miles are in the volume of the earth?

27. How many cubic miles are in the volume of the sun?

28. A cubic mile of water weighs how many tons, if one
cubic foot of water weighs 62 pounds?

29. The volumes of two spheres have the ratio of the
cubes of their radii. The volume of the sun is how many
times the volume of the earth?

30. A cubic foot of lead will make how many spherical
shot } of an inch in diameter? )

31. The area of a triangle whose sides are a, b, and ¢ is
expressed by the formula A= ys(s—a) (s—b) (s—c) where
2s=a+b+c. What is the area of the triangle whose sides are
17, 23, and 30 inches, respectively?

32. How many acres are in a triangular field whose sides
are 755.5, 909.5, and 1325 feet, respectively?

} 33. What is the side of an equilateral triangle whose area
1s 1 square foot (144 square inches)?

34. Tind the weight of a spherical ball of lead whose
diameter is 8 in.

Note. Specific gravity is defined as the ratio of the weight of a body
to the weight of an equal volume of water. For instance, the specific
gravity of lead is 11.36 which means that a cubic foot of lead weighs
11.36 times 62.5 pounds, the weight of one cubic foot of water.

36. What would be the increase in the weight of the lead
ball in No. 34 if 2 inches were added to its diameter?

36. Find the volume of ga hemispherical cap 'of granite
whose radius is 9 inches.

37. What is the weight of a cubic foot of gold, if its
specific gravity is 19.27?
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QUADRATIC EQUATIONS

191. Definitions. A quadratic equation is an equation of
the second degree with respect to the unknown. If it con-
tains no term of the first degree, it is called a pure quadratic,
or an incomplete quadratic. If it contains terms of both the
first and the second degree it is called an affected quadratic
equation.

The equation 2® =16 is a pure quadratic. Likewise
r*—5r=6 and 2?=3x are affected quadratic equations.

If an affected quadratic has one term that does not contain
the unknown, it is called a complete quadratic equation.
2?—br=6 is a complete quadratic as well as an affected
quadratic.

Every quadratic »quation in 2 can be reduced to the
form aax?4+br+c=0, where a may have any known value
other than 0, and b and ¢ may have any known values
whatsoever.

As, for example, (3—2z) (342x)=5—06x becomes 4z*>—
6x—4.=0 when put in the form ax*4-bx+4c=0.

192. Review. The student is already familiar with many
of the processes of quadratic equations. However, a thor-
ough review of the four types of problems in the following
exercise will make the later work of the chapter easier to
master.

329
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Exercise 187
Solve the following equations by factoring:

i x2pE_q. 2. a*—Ta-+12=0.
3. a*—112+24=0. 4. 42?—49=0.
=6, 3a’+11a+8=0. 6. 5n*—2n=7.
—~T7. 2*—8lzx=0. 8. 13a=06a>+6.
9. 20=6n2—"Tn. 10. 2°—322—54x=0.
11, 3a*=50—2a. —A12. xt—5a*+4=0.
. Write the equations whose roots are the following:
13, 95 >4, —6, 3. 16. —2, —7.
16. —7, 5. 17.5a,b. _~18. —b,ec.
19. 2b, 3c. 20. —3a, 4b. 21. 4 —%

So!ution.' (x—2) (z+%) =0 becomes z*—}x—3% =0 and, clearing of
fractions, gives 62—z —2 =0.

22, 2, —4%, 23, —3,3. 24. —4, —%
25 0 e, 28il 3%, 27. 2a, o
3 e “T 77 2a

Reduce the following pure quadratics to the form a*=a and
then find the two roots by taking the square root of each member,
as r= = -\f—a

28, 2*=25. 29. 4z2=09. 30. 22="7.
\;,z:}/i_ 422=15. 32. 9r*=4q22. "33 ol R
-~ Supply the missing terms in the followz‘:ﬁg trinomzial squares:

34. a’4-8a+? 36. n2—10n+7?
36. 9a*—6a-+t-? 37. 22+4-?+36a%
38. 4n*—?4-9. 39. 224-2+7?
40. 4a®—?+1p2, 41, 9z2—7?+1.
42. 9a*—3a+? 43. #a2—?+416y7%

193. Solution of a quadratic equation by completing the
square.
; First method. pomplete the left member of the equation
Into a perfect trinomial square with the coefficient of a*
positive 1.
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Illustrative examples.
1. z*4-8x=20.

Solution.
2*4-8x+16=36. (Completing the square.)
o+4+4==6. (Extracting the square root of both members.)
t==6—4, ~r=2 andz=-—10.
Both roots check.
2. 3x*4-Tr=-=3.

Solution.

x'—'—}——Z;a:: —1. (Making the coefficient of ? positive 1.)

a4y, 18,
Frgrtas =5
3.606_
6

r==x—"——_— " x=—.566 and x=—1.768.

These roots are approximate. Why? Check for both.

Note. When the coefficient of 2? is 41, the addition of the square of
one-half the coefficient of = to both members transforms the left mem-
ber into a perfect trinomial square.

Exercise 188

Solve the following quadratic equations by completing the
square. If the roots are irrational stimplify and reduce them to
decimal form. Irrational roots may be checked in their radical
form,

1. n2-+6n=40. 2. a*—12a= —20.
3. 22—Tx=18. 4, n24-3n=40.

b. 3z*+8x+5=0. 6. ba*+Ta=6.

2T, 6a*—11la—10=0. 8. 2246rx=-—T7.

9. a*—10a=—T7. 10. 3n*+4n=9.

11. 4=3a>—2a. 12, 5224+122—17=0.
13. 22+4-3x=>5. 14. 2x°=5x+3.

»16. n*4-2n=3. 16. 8=3a>—5z.
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Second method. (This method may be omitted u_t thcldlii
cretion of the teacher and the problems of the exercise so \ge
= s o\
by the first method or by the formula.) I‘ractions may ;
avoided in completing the square by using some ot her nut
ber than 1 for the coefficient of z, as in the following:
Tlustrative examples.
1. 3z*+7z=—-2.
Solution. i o il
3622 +84x=—24. (Multiplying both members of the equation by
4 times the coefficient of x2.) o of the
3622 4+-84x+49=25. (Adding to both members the square o
coefficient of z.)
6x+7==5 (Extracting the square root.)
Sr=—%and z=—-2.
2. 3r2—4r=11.
Solution. . 2)
92*—12¢=33. (Multiplying both members by the coefficient of .rE:-
922 —12x4-4=237. Adding to both members the square of on
half the coefficient of x.)
3r—2= =6.083. S x=2.694 and x= —1.361. \
Note. To avoid fractions in completing the square reduce t “z.
equation to the form ar®+bxr= —¢ and multiply both members by 4a 1
b is an odd number, or by a if b is an even number. To complete the
square, divide the coefficient of z by twice the square root of the
coefficient of 2? and add the square of the result to both members.

Exercise 189
Solve the following quadratic equations by the second method:

1. 2¢24+3q=09. 2. 4n2—3n="7.

3. 222—x=06. 4, Grz—z—2=0.

5. 3n*—4n="7. 6. 3n2—4n=3_8.

7. a*+3a=4. 8. 5n2+2n=3.

9. 8=2z13z. 10. (2—z) (2+=z) =5z.

" 194. Solution of quadratic equations by the formula.

/ Since every quadratic equation can be reduced to the form
az*+br-+c=0, where a, b, and ¢ are the respective coefficients
of 2% x, and z° (or the term not containing ), it is evident

\

p
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that if we solve this equation for x,

We can use the resulti
; se the resulting
roots as a formula to obtain the lting

i roots of any adratie
equation. ny quadratic
Solution.
arvi+br+e=0.
axt+br=—c.
o b [ o
2 —r=——
a a
0 ‘b B :b?, c br"——l
$“+—x+—;———,-:—_ }QC
a ta> 4da*> «a 4q2
T dac ——
O T = R T
= L S 2a .
= | b*—4ac g e
PP ek Libm A P LT
<3 2a

Tllustrative examples.
1. 22 —x=6.
Solution.
9t —x—6=0. ais2,bis —1,and cis —@.

Substituting in the formula. g=l=V1+48 _1=7

n =—".

4
Lz=2and z= -—79;-- Both roots check.
2. 2224-3x47=0.
Solution. ais?2, bis 3, and cis 7.
_ —3=49-56 e & Y ey TR e 1
s o= =X nd g =2 ;’ =

Check. (See § 182.)

_,,__._Exer"cise 190 GRS | PSR
Solve the following quadratic equations by the formula:

1. 22>—3z+1=0. 2. 322—2x—1=0.
3. 3zxr4+a2—2=0. 4. 32°48x-+4+4=0.
5. 7Ta*2a—8=0. 6. 2n2—n—10=0.
7. 2a*+4-5x=3. 8. bat—a=6.
9. 2a®4-3a=4. 10. 3a*+5a="T.

11. 4a*+5a+41=

e

12. 2n24-7n46=0.
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—3 =+ =3
13. 3a*+6a+4=0. Ans.a= i
14, 224-3x4+4=0. 16. 2n2—3n-+2=0.
16. 5a*+5a4+1=0. - 17. 2x+z+3=0.

: —1=v =3

18. a3—1=0. Ans.x=1,:c=——2——‘
Suggestion. By factoring 2—1=0 and z2+z-+1=0.

19. z4-1=0. 20. 2*—8=0. 21. 2°+8=0.
22. a'4-a241=0.

Suggestion. (224-z-41) (2—z4+1)=0.

23. 2 —3224-9=0. 24. z¢—1=0.

Solve the following equations for x: .

25. 2n’2fnz—3=0. 26. 3a?—5Hax=2a”.
27. 2¢*—ar—10a2=0. —28. ax+br—a+b=0.

29, 6abx®—4a%r — Ob2z+6ab =0,
Suggestion. Gabz? — (4a*4-9b*)x 4-6ab=0.
30. acx>— 3bcx+2anx = 6Gbn.

11bz 1062 S ab—bx
1. 2‘——————-—: 1 =q—2.
31. 2z 3a 37 0. 32. P J
2ntx 2x—n 8§ 2r—a , a+2x
p33iiihsa el =N S et =
2 2n—x 22+n" 3 4. a2z  2x—a 2

~"195. Character of th
- student will observe in
(1) If b*—4qgc=

are 57 and are therefore real and equal.

> (2) If b2—4qc is a
rational, and unequal. ‘
. (8) If b®—4ac is a positive number but not a perfect
square, the roots are real, irrational, and unequal.

-~ (4) If B®—4ac is a negative number, the roots are imagi-
nary.

e roots of a quadratic equation. The
the quadratic formula tha..t;A J
0, both roots of the quadratic equation

perfect square, the roots are real,

The expression b*—4ac is called the discriminant of the
quadratic equation.
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An outline of numbers will be convenient in the work of
the exercise that follows.

[ Rational
bt 11 Irrational
Numbers
Imaginary { (S;;i?;?ei‘inagmary

Exercise 191

In each of the following equations determine the value of
2—4ac and, without solving, classify the rools:

1. ©?—624-8=0. 2. 422 —2024-25=0.
3. 32*4+-5x—8=0. 4. 2224-32x—T7=0.
\ (. a*+a+1=0. 6. 2a?+4-5x+4=0.

7. In the equation 2*—1024%=0, what must be the
value of % in order that the roots may be equal?

8. Determine % in the equation 9z>—Lz+4=0 so that
the roots may be equal.

9. Find the greatest value m may have in 322+2x+m=0
so that the roots may be real.

10. Find the least value m may have in 222+ mz+2=0 so
that the roots may be real.

11. TFind two factors of 1 whose sum is 3.

. i)
Suggestion. Let x and — Trepresent the factors.

12. Tind two factors of 3 whose sum is 1.

13. Find the least value m may have in 322°42zx+m=0
so that the roots may be complex. i

14. One root of 2*—222—2x—=6=0 is 3. TFind the other
roots.

Suggestion. One factor of 2°—22*—2—6is z—3. Why?

15. One root of 2*+322*+-52+6=0is —2. TFind the other
roots.
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d.
i of a quac
196. Relation of the roots and the coefficients
ratic equation. By

atic

a quadratl

dividing both memhc-rs' of [‘1\1‘;1; o the

equation by the coefficient of 22 and collecting 1 (in he form

lgft member, any quadratic equation may bcfpltllu' quﬁdl'““f

T4+pr+¢=0. This s called the p-form o "0 swhich B

equation to distinguish it fyom rm:-—f—b.?:-!"ﬂtj("n.m may e

called the g-foppy . It is evident that the a-

b sE,

changed to the p-form and that p= S and g= 4
Solving P+pr4g=0 by

the formula gives
gD+ P*—4q
=T VP —4q

_—p— \.'.I_)-___u;
: & a:_h_‘—“_z__b— " ‘Hld the
The sum of these two roots js evidently —p ¢
o -_u'_‘—" q
product, g (“?7%-(_\:7)-_4@.
2= (VP —dg):

or q. 1 the
. anc
The two facts that the sum of the roots is e
Product ¢ wijy be helpfyl in
a) formip

& a quadratje
ng the rootg
Quadratie 1, .

ion of &
rom the solution
y e
Product ¢,

Thell
" sum is —p and th
Nlustratiye ex

amples,
L. Write the

€quatiop Wwhose roots are 5 V7and 5 VT
Solution,

Adding, —~P=10 op P=—1p,

Mu[tiplying 7=18.

erefore :c?—-10x+18=0 is the Cquation,
4= v -5 .

2. Docs z = 3 satisfy 3:c"-8m+7 =0?
Solution, The

T _0. Whenc®
+3 o
e 4+ Y
el ‘—-I:_u+%__§“i=‘sg=-—19 and "'_5‘/
VB 18- () oy
3 9 =‘g =L§ =q. _,\nc; Y(“S
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oo
&2
=1

Exercise 192

Solve each of 1-10 in two ways. Write the equations whose
roots are:

Y

1. 5, —3. 2. -7, —4. 3. 3, —=.

2 P iy 3
4. ; % 6. 3— V7,347

73‘:\"—7—; 5#—‘\@ 4;&«_3
6. 5 7. 3 8. 5 .

3=+ —2 Bl i
9. 5 . 10. 5

3= v -7 . .
11. Does a= " satisfy 222 —3z4-2=0?
=1

12. Does = ﬁ,}——} satisfy 222 —2x4+-5=0?

&

13. One root of 2*+8z+%=0 is 2. Tind the other root
and the value of k.

Note. No. 13 can be done in two ways: z=2 must satisfy the equa-
tion, and the sum of the roots is —8. Why?

14, One root of 32°—5x+n=0 is . TFind the other root
and n.

15. One root of 2?—%kx+420=0 is 4. Tind the other root
and k.

16. Tfind m and » in the equation a?+max+n=0 so that
the roots may be —5 and —8.

17. One root of 2*—11x+k=0 is 3 more than the other.
Find the roots and F.

Suggestion. What is the sum of the roots?

How can you find two numbers whose sum is 11 when one is 3 more
than the other?

18. One of the roots of a*—9x-k=0 is twice the other.
Find the roots and k.
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197. Equivalent equations. Equations that involve th((;
same unknown number and have the same roots are calle
a4+4 x—2 and

4 14 rx—3

2z =8 are equivalent equations, for x=4, R:lflsﬁcis both and
no other value of z satisfies either. In the solution of a quad-
ratic equation (or of any other type) it is necessary 1'h.m; the
equations obtained in the successive steps of the solution be
equivalent, each to the original and therefore to one another,
otherwise roots may be introduced or roots may be lost.

equivalent equations. As, for example,

198. Extraneous roots and lost roots. When a root Ilj
obtained in the solution of an equation that does not chec
in the original equation, it is called an extraneous rc.;ot.

A study of the following illustrative examples will serve
to show how roots may be introduced or lost in the solution
of equations.

1. The equation 2z —3 =22 is satisfied by = =5. s

If each member of this equation is multiplied by = —3, we get S
924-9=2%—z—6, which becomes 22 —8z415=0, or (250 (=) I

Therefore =3 and z=5. But z=3 does not check in the origini
equation and is an extraneous root. d
2. The equation 22*—10z+12 =22 —534-6 is satisfied by x=2 an
z=3. <ol

If each member is divided by z—3, we get 2r—4=x—2, which
becomes'z—2=0. Therefore z=2. The root z =3 has been lost.

3. Solve the equation x?f3+:c+1 =$_2.5

Clearing of fractions gives 3z 412 —2;—3 =9, or 2* 42 —12=0 which
is satisfied by =3 and z= —4,

But =3 does not check in the original equation and is extraneous.
The root £ =3 was introduced when the original equation was cleared of
fractions by multiplying each member by z—3. If the solution had
been as follows no extraneous root would have entered:

3z 9 3 9 =5
zagiotl=ory e e
3z —9

z—3

+z+1=0. 3+z+4+1=0 and z= —4.
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»
In the solution of any type of equations it is best to keep
in mind (1) that checking will detect an extraneous root,

(2) that no factor containing the unknown can be removed
without removing a root.

199. Irrational equations resulting in quadratics. Many
irrational equations reduce to the quadratic form in the
process of solution. Often one of the resulting roots is ex-
tranecous and care must be used in checking both.

Illustrative examples.

1. Vv3z+l=z—1.

Solution. 3xz+1=2*—2z+41. (Squaring both members.)

Whence 22—5x=0 and x(x—5) =0, or z=5 and = =0.
Checking. If =5, ¥15+1=5—1 and 4=4, which checks.
If =0, vO+1=0—1and vI=—1 which does not check.

2. Vzt+5+Vz=0z+1.

Squaring both members, z+542 v 2*+5z+2=06x+1.

Combining, 2 v z*+5r=4r—4.

Dividing by 2, va*+3r=2x—2.

Squaring, 2*+45z =4z —8r-+4. Whence 32°—13z+4=0.
Therefore (3z—1) (z— L) =0 and z=4, x=1.

Checking. If x=4, VO Vi= V! 25, and 3+2:a Checks.
o=} vE+Vi=v3,and £V3+1v3=+3. Daes not check.

Exercise 193

Solve and check the following irrational equations:
1. +6x—5=2x—5. 2. v2a*+2a+1=a-+2.
N3nt3d=4—vn—1. -4, J2r—5—vaz—6=2.
VitV 2n—1=6.
Jm—4=4dm+5— +3m-+1.
V2a—3— A+ 3a—4=+a—1.
Vai+4d (To 15 =242
N at—bat—2x+2=x—1.
10, 2544r— +/8+x— +/22+9=0.

11. V254424 v8+z— v22+9=0.

12, v4x—6n= v 3z+2n— v 2n. (Solve for x.)

-

@ WwHae oW
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200. Solution of equations of higher degree. The complete
solution of all types of equations of higher degree than the
second is beyond the realm of elementary algebra, and even
the processes of advanced mathematics fail in many cases.
However, there are some types that can be solved by apply-
ing the principles already learned.

Illustrative examples. .

Case I. Equations that may be reduced by factoring.

1. z*—64=0.

TFactoring (z—4) (22 +42+16) =0.
Solving z—4=0 and z*4+42+16 =0,
Sr=4dand z=—2=24 —3. o ) . o

Note. All roots should be checked by substituting in the origind
equation. It will be observed that any equation of third or higher
degree can be solved if it can be reduced by factoring to two or more
equations that are linear or quadratic. )

Case II. Equations that are quadratic in form with respect to some
expression containing the unknown.

2. 2'+32241=0.

This is quadratic with respect to x2,

Then 22 = lg_;i—’

. i5 —
Whence 2=« —':Ej:u}-—-)z:l:_‘-, vV —6+2+5.

2
3. (x®+45z)2—5(a2 +5z)=6.

Solution.
Pgt z?45z=n. Then n2—5n=0.
Whence n=6 and n= —1.
Then 2 +4-5z=6. . z= —6, and z=1.
Also 224-5x=—1. .~z =:-sd;il-
4. 2°+22—6+v 27 F2z+10= —15.
Solution.
2?22 4+10—6 VP F22 10 = — 5. (Adding 10 to each number.)
Put vz*4+2x+10=n. Then n*—6n=—5.

Whenee n=1 or n=>5.

Then vz*+2:x+10=1. . 22+224+10=1.
Whenee z= —1%2 ¢ —2.

Vvrr4+2z+10=5. .. 2*42x+10=25.
Whence x=3 and = —5. Check.
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Exercise 194
Find all the roots of the following equations and checl: :

1, 28—27=0. 2. (x—3) (22°4+7242) =0.
3. (n*—n+1) (n*+n+1)=0.

4, —0224+20=0. 5. a"—64=0.

6. x—at=20. 7. 3adi+-4dai=4. .
8. vr—3vz=40. 9. 2243—-5v22+3=—6.
10. 23 —4xi4-3=0. 11. (a—2)*—3(a—2)*=40.
12. a®*+3a+3 Va*+3a=10. 13, zi—T7a2+1=0.

Note. No. 13 can be solved in two ways. First by substituting n for
2z in the equation, second, by factoring. Solve by both methods and
show that the roots obtained by one method agree with those obtained
by the other method.

14, 43244 =0. 15. 4dzt—a24+4=0.
16. z—2—5z-'4+6=0. 17. 6z-2+4+6=13x"1.
1\2 1
18. 2(a-+_—v) —O(a'+5)+10=0.
3—5Hx 3— a?_é_ ]_7_ z+3 _3.3—7
12 l/3—.1:+l/3—5.1:_2 Gl w e s

201. Use of the quadratic equation. When a quadratic
equation is used in the solution of a problem, care is neces-
sary not only in checking the roots of the equation but also
in determining whether both of these roots satisfy the condi-
tions imposed by the problem. As, for instance, the length
of a rectangle cannot be a negative number.

Exercise 195. Problems

1. TFind two consecutive numbers whose product is 90.

2. Tind two consecutive odd numbers the sum of whose
squares is 130.

3. Tind three consecutive numbers the sum of whose
squares is 110.

4. Separate the number 20 into two parts, the sum of
whose squares shall be 202.
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5. The area of a rectangular field is 180 square rods and
its perimeter is 56 rods. Find its length and width.

6. A number of boys engaged a motor boat for a trip for
which they agreed to pay $40. One of the boys was not able
to go and each of the others paid $2 more than he expected
to pay. How many boys went on the trip?

7. The sum of the reciprocals of two consecutive even
numbers is 4%. TFind the numbers.

Note. The reciprocal of an integral number is one divided by the
number.

8. Separate the number 12 into two parts such that one
part shall equal the square of the other.

9. Separate the number % into two parts such that one
part shall equal the square of the other.

10. TFind four consecutive numbers such that the sum of
the squares of the first and second exceeds the product of the
third and fourth by 5.

11. A field that is 8 rods longer than it is wide has an area
of 8 acres. Find its dimensions.

12. Separate 72 into two parts such that the square of one
part is equal to the other part.

13. One side of g right triangle is 24 inches and the
hypotenuse is 6 inches more than twice the length of the
other side. Find the unknown side and the hypotenuse.

14. Two chords intersect within a circle. The segments
of one chord are 6 inches and 7 inches and the total length
of the other chord is 17 inches. Find the segments of the
second chord.

Note. If two chords intersect within a cirele, the product of the seg-
ments of one equals the product of the segments of the other.

15. A number of boys bought a boat for $36. One of them
failed to pay, so each of the others paid 50 cents more than he
had agreed to pay. Find the number of boys.
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16. The number of diagonals that ean be drawn in a
polygon of n sides is expressed by the formula d=%n(n—3).
If in a certain polygon 20 diagonals can be drawn, find the
number of sides. Find the number of sides in a polygon that
has d diagonals.

17. The number of degrees in the three angles of a triangle
are represented by 22, 32?43, and 2x+7. Find 2 and each
angle.

18. The values of the four angles of a quadrilateral are
expressed in degrees as follows: 22 2°+43z, 72412, and
102+6. TFind = and all the angles.

19. Tind the altitude and area of an equilateral triangle
whose side is 12 inches.

20. A ladder 20 feet long leans against the wall of a build-
ing and makes an angle of 60 degrees with the ground. Find
the distance of the foot of the ladder from the wall and the
height of the wall to the point where the ladder touches it.

21. The base of a triangle is 12 inches and the angles
adjacent to the base are 60 and 45 degrees, respectively.
Find the other two sides of the triangle.

22. The number of feet, d, an object will fall in ¢ seconds
when it has an initial velocity downward, v, is expressed by the
formula d=16*+vt. If a ball is started downward from the
top of a tower 180 feet high at the rate of 12 feet per second,
in how many seconds will it reach the ground?

23. An object falling from the top of a building passes a
window 120 feet from the ground at the rate of 20 feet per
second. Find the number of seconds required for the object
to reach the ground after passing the window.

24, The area of a trapezoid whose altitude is & and bases
b and by, is expressed by the formula A =%ha(b+b;). One
base of a certain trapezoid is 4 inches more than the altitude
and the other equals the altitude. IFind the altitude and
bases if the area is 48 square inches.
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26. A rectangular piece of tin, 6 inches ]nn;_l;r'.i' than it is
wide, is made into an open box by cutting a 3 inch square
from each corner and turning up the sides. If the \'n[lu.n(.! of
the box is 216 cubic inches, find the dimensions of the original
piece of tin.

26. A certain number exceeds 4 times its square root by
12. Find the number.

27. A man bought a number of sheep for $250. Four of
the sheep died and he sold the others for $2.50 per head more
than he paid and received $240. How many sheep did he
buy?

28. A landscape gardener has a flower bed that is 12 yards
wide and 18 vards long. He wishes to double the area of the
flower bed by increasing the width and length the same
amount. Iind the number of yards the dimensions must be
increased,

29. A farmer starts to cut a field of grain, 50 rods by 60
rods, by driving his reaper round and round the field. Find

the width of the strip that is cut when two-thirds of the field
remains uncut,



CHAPTER XVII

QUADRATIC EQUATIONS THAT INVOLVE TWO
VARIABLES

202. Quadratic equations as conic sections. If the graph
of any quadratic equation in two variables be drawn, we
have a curved line belonging to one of the four groups of
curves known as conic sections. These curves are the circle,
the parabola, the hyperbola, and the ellipse. The definitions
of these are as follows:

A circle is the locus (or path) of a point that is always at a
given distance from a fixed point.

A parabola is the locus of a point whose distance from
a fixed point, called the focus, e

is always equal to its distance 1]
from a fixed line, called the di- Cm

rectrix.

A hyperbola is the locus of a
point the difference of whose dis-
tances from two fixed points, called
the foci, is always equal to a con-
stant distance.

An ellipse is the locus of a point,
the sum of whose distances from
two fixed points, called the foci, is
always equal toa constant distance.

203. Conic sections. Suppose
the straight lines AB and CD in- A
tersect at O and that XY is the ' Y

345
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Circle x4 y* = 36

bisector of two opposite
angles. Now if the whole
figure be revolved about
XY asan axis, the lines AB
and CD will generate (or
form) a conical surface.
This surface will have two
parts, or nappes, meeting
point to point. The coni-
cal surface will be indefi-
nite, or unlimited, in ex-
tent, since AB and CD are
lines of unlimited length.
Next, suppose the conical

surface to be intersected by a plane surface. If the plane is
perpendicular to XY, the intersection will be a circle.

If the plane is oblique to XY and cuts completely through
one nappe, the intersection will be an ellipse.

Y
I
| --.__-‘
v 2 i ~
7 ‘ AN
/ | \
! 0 4 _X
/
X 7
N |
~. -
] L —
[
-y

Ellipse 9z +- 25y* = 225
If the plane is parallel to one of the lines AB or CD
in any of its positions, it will cut one nappe only and the
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1 intersection will be a pa-
A rabola. If the plane cuts
1 1‘)0t11 of the nappes, the
mtersection will bhe the
/ double open ¢
/ } perbola.

2___/1 | ..Note. If a quadratic equa-
r - | tion of two unknowns can be
X f:‘lc’(ored into two linear equa-
| | i tions, th.e graph in this case will
s be a pair of straight lines, or
Parabola 7 = 8y the respective graphs of the
two linear equations.

204. Graphing a quadratic equation in two variables. In
graphing a quadratic equation in two variables, it is best to

—
. i
T

urve, or hy-

(o]
w
H

v solve the equation
T [ | forone variable in

L/ | terms of the other

\\ // and substitute
\ 7/ numbers, both
5 positive and nega-

1 tive, for the sce-
ond variable until
1Y a sufficient num-
ber of sets of val-
/ N ues hasbeen found
// N tolocate the curve.

Ilustrative example.
Graph z*—3*=16.
Solution.
Solving for z, gives
. T ==£4164%
Substituting values for y, gives the following sets:
When y= 0, 2 —2 3 4

N

=X

-Y
Hyperbola a* —y* =16

: —4
then z==4 =45 =45 =5, <5 =56, =56

Notice that there are two sets of values for each value of y, for
when y =2, then = +4.5 and x= —4.5.

See the table of square roots following Chapter XXII.
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Exercise 196

Graph the following equations:
12 12

3. a2—y2=25. 4. 222—5y°=50.

5. a+y?=20. 6. 22°+3y*=30.

7. (x+3)*+y*=36. 8. (z+42)*+(y—3)*=25.
9. y=z2, 10. y=22+3.

11, y=22—62+9. 12. y=2>—06x—3.

13, x=y2, 14, z=y*+7.

16. y=2242z. [ 16. y=2z*+4z.

Graph each of the following pairs of equations and write the
values of the points of intersection:

17, z24y2=29 18. 322+2)2=35
xy=10. a?—2yt=1.
19. z+a2y=35 20. a*+y =7
y+ay=32. x +yr=11.

Note. The student will observe at this point that he can recognize
certain types of curves from the appearance of the equations, for
example, ‘

(1) The curve 22432 =1? is a circle whose center is at the origin and
whose radius is r,

(2) The curve (x—a)24-(y—b)?=1? is a circle whose center is at the
point (z=a, y=>b) and whose radius is r.

(3) The curve z* — 32 =aisa hyperbola which cuts the X axis but not
the Y axis; likewise the curve *—a*=a cuts the Y axis but not the X
axis.

(4) The curve zy==a is a hyperbola which does not touch either
axis.

(5) The curve az?+by*=c is an ellipse.

(6) The curve y=axz*+bz-+c is a parabola.

205. Solution of quadratic equations of one unknown by
graphing. We cannot graph equations of one unknown but
we can solve equations of the type aaz?+4-bx-+c=0 by graphing
the equation y=ax*+bx+c. For example, to solve 22 —2x—
15=0, we graph y=2—2x—15. Now, we notice that when
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y =0, the values of 2 will be the roots of 22—2x—15=0. This
method is of use only when the roots are real. If we attempt
to solve 2*+43x+7=0 by graphing y=243x+7, we will get
a parabola that does not cut the X axis, which means, of
course, that when y=0, there are no real values of x.

Exercise 197

Solve the following quadratic equaltions by graphing:

1, 22—a2—12=0. 2. a?—32x—40=0.
3. 222—Tz+3=0. 4, 202—Tax—15=0.
5. 2*—9=0. 6. 2*=16.

7. a22=20. 8. 3x*—T7x=6.

9. 222+3x=20. 10. G6a*+-Tx=35.

206. Solution of systems of simultaneous quadratic equa-
tions.

Not all sets of simultancous quadratic equations that
involve the same unknowns can be solved by the ordinary
processes of algebra. However, there are a number of
methods, cach of which will solve exercises of a particular
type. Only the more important types are presented in this
chapter.

Case I. A pair of equations, one linear and one quadratic.
All of this type can be solved by the method of substitution.

Illustrative example.
(1) 3z+2y="7.
(2) 2224y =4.

From (1) r=" —:'321"

Substituting in (2),

2f49—2§y+4y”) JUT=2) _
3
Simplifying, 2y*—35y+62=0.
Whence =2 or y=151.
Substituting in (1) when y=2, x=1; when y=15}, z= -8,
Check both sets in each equation.
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Case II. When all terms of each equation that contain the
unknowns are of the second degree. There are smjvml metl'f-
ods that are satisfactory for the solution of exercises o'f this
type. The method of eliminating the constant terms is the
only one that will be introduced into the work of this chapter.

Illustrative example.

(1) 2a* —ab=12.
(2) a?+ab—3b* =3,
Multiply (2) by 4, 4a2+4ab—12b>=12.
Subtract (1) 2a®— ab =12
. 2a?+5ab—12b*= 0.
Factoring (2a—3b) (a+4b) =0.
Note. Show that we now have two examples under Case I,

Whence « z%b’ a= —4b,

A 3b . b 3b% _
Substituting =3 in (1) R =12.
Whence b==9. Therefore a=%b==3-

Substituting a= —4b in (1) 320 4db2=12.
Whence b= :l:s \ﬂ?‘ Therefore a = —4b = :i:} -\Ji_ _
Therefore when q = =3, b==2; when a==%+3, b= =*=% v 3.
All four sets of answers should be checked in each equation.

Note. When double answers are paired as above, it is understood
that when a= +3, b= +2, and when a= __3, b=—2.

Case III. When some combination of the two given equa-
tions is possible that will make a new equation with the left
member a perfect square.

Hlustrative example.

(1) a?4y2=17

(2) zy=4 :

Adding twice (2) to (1), 2*+4-2xy 12 = 25.

Extracting sq. rt,, x4ty ==5.

Subtracting twice (2) from (1), 2* —2zy 412 =9.

Extracting sq. rt., z—y==3,

Combine T4y ==5,

Note. There are four different ways of combining the two equations,

giving four sets of roots. When x==4, y==1; when 2 ==1, y = =4.
Check completely.



QUADRATIC EQUATIONS —TWO VARIABLES 351

Case IV. When the members of one equation are exactly
divisible by the corresponding members of the other equation.

Ilustrative example.

(1) x3415=35.

(2) x2—zxy+y2="T.

Dividing (1) by (2), z4+y=5. (3)

So]vingz (2) and (3) by the method of Case I, when 2=3, y=2;
when z=2, y=3. Check.

Case V. When one of the equations can be solved for some
expression containing the unknowns.

Ilustrative example.

(1) 224y =25.

(2) (z+y)—=12(z+y)+35=0.

Solving (2) for (z+¥), 24y =7, or x4y =>5.

Solving x+y=7 with z*4+3?=25; when z=4, y=3; when =3
y=4.
! Solving x+y =5 with 2°4-3*=25; when z=35, y=0; when z=0,
y=>5. Check all sets.

Case VI. Combining the processes of the preceding cases.
Many sets of simultaneous equations can be solved by using
two or more of the preceding methods, or by applying some
simple process of algebra already learned.

Ilustrative examples.
I (1) x*42y+4+x=18.
@) yr+ay+y=12.
Suggestion. Add (1) and (2) and solve for ($C+J)
8
Ans. When z=3, y=2; whenz=——, y= _"a_
II. (1) zy+z—y="T.
(2) zy(z—y)=12.
Suggestion. Put zy=a, t—y=">b.
Then, a+b="7 and ab=12. Solve for ¢ and b and equate their values
with zy and 2 —y. Ans. When 2 =4, y=1: when z= -1, y=—4.
When z== V742, y== v 7 —2.
ITI. (1) 52*—3zy=—3.
(2) 2a2+5zy =36.
Suggestion. \*Iu]tlply (1) by 5 5, (2) by 3, and eliminate xy by addition.
Ans, When z== 3, y==2+v3. (Two sets.) Check.
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Exercise 198

Solve and check the following:

1, z4y=9 2.
a2ty =41.

3. m*—n*=45 4,
m—r=>a.

6. 22+2y=5 6.
zy=1.

T. (—3) (y+2)=0 8.

x+2y=1.

9. 2z—-3y=9 7 10.
Y= —3.

11, 2z42y=3 12.
22 =5zy+2y*=0.

137 22 4y2=13 14.
xy=06.

15. 5:1:2—?;'-’-_—.]_ 16

3yt =xy+10.

17. (z—y) (z+y)=40 18.

By+x) (3x+y) =384.

19. a*b*+ab=6 20.
a?+b2 =5, .
21. 2 4y2=25 //—éz
ry+z+y=19,

23. ®—b03=26 24
a—b=2,

26. 2*493=91 26
zt+y="17.

27. 22yt =481 28
2 +xy+y*=37.

29. r+s°=35 30.
72 —rsfs2=7.

at+b="7
ab=12.
z+y=3
24yt =45
3x+2y=8
32" +2y*=14.
zy+4r—2y=8g
xty=35,
20—3y=0
x?—3xy=0.
xt—xy =54
zy—y*=18.
Y2+ 15=2xy
Byt —21 =ay.

. Hay+2yt=74

222 +2zxy+y*=73.
min*+m-+n=18
mn=0.

(z4+y)*+ (x+y) =30
zy =6.

. x244yt=13

zyt+ax+2y=—2.

. a?+-80*=16

a+2b=4.

. iyt yt=21

24ay+yt="7.

. mP4n*=2a*4-6a

m2—mn—+n*=a*-43.
1 1 5

x? y* 36
1,1 5
PR



31.
33.
35.
37.

39.

41.

ag, &
45, .:‘

47.

49,

mi-mint4+nt=133
m*+=mn—+n*
a*—ab+2b*=16
2a*+3ab—2b*=8.
at4-b=3ab—1
a—b=ab—"T.
202432y =306
3a*—2xy=15.
r+2xy=—6
3y—2zxy=2.

»?*+ry+y*—63=0
r—y+3=0.

32.

34.

36.

38.

44,

46.

48,

50.
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a*+b2=3-+ab
a*4-bt=21—a%b2.
3224yt =37

Y =29-4-2x—222
3x*4+2y2=30
Sx*—3y*= —T.
42442y =10
r—yrtr—y=4.

4R +r*+4R+-2r=06

2Rr= 1.
6_ 2
z 10
r—y=11
22492 =500
4y _
T—y
at+a*br+bt=21

a>+ab+02=7.
2a®>—3ab+-2b =43
a*—ab-+b*=39.

Solve for x and y:
> +ay=ab
ry+y*=a*—ab.

Exercise 199. Problems

1. Find two numbers whose sum is 2 and the sum of whose

squares is 34.

2. The sum of two numbers multiplied by the greater is
28 and the difference of the two numbers is 1. TFind the

numbers.
The difference of two numbers is 2 and the difference

:

of their cubes is 98. Find the numbers.
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4. The area of a certain rectangle is 80 square inches- If
the width is increased 3 inches and the length s d(\c].cascd
inches, the area will be increased 24 square inches, Find the
dimensions. A

5. The sum of two numbers is a and the sy, of thelr
squares is b. Find the numbers and check the regyjgg, 4

6. The sum of the squares of two numbers exceeds ther
product by 39, and the difference of the numbery ig 33 1€58
than their product. Find the numbers.

7. The sum of two numbers equals the difference of their
squares, and 3 times their product equals 4 times the squal®
of the smaller. Find the numbers. _

8. The sum of the squares of two numbers added to their
sum is 14, and the difference of the squares of the two num-
bers added to their difference is 10. Find the numbers.

9. The diagonal of a certain rectangle is 13 inches and the
area is 60 square inches. Find the dimensions of the rectangle-

10. If a certain number of two digits is divided by th.e
product of the digits, the quotient is 2. If the number 18

divided by the sum of the digits, the quotient is 4. Find the
number.

11. Separate 8 into two parts such that the sum of the
cubes of the parts shall be 152.

12. The sum of the squares of two numbers is 170. If the

smaller number was 3 greater and the larger number 1 less,
the sum of their squares would be 200. TFind the numbers.

13. The hypotenuse of a right triangle is 26 inches and the
area is 120 square inches. TFind the two sides.

14. Some boys hired a motor boat for a trip for $36.
Three of the boys were not able to go on which account it
cost each of the others §1 more. Find the number of boys
that went on the trip and what each one paid.
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15. If the average speed of a railway train was increased
10 miles per hour, it would require 2 hours less time to go
400 miles. TFind the rate of the train and the time required
to make the trip.

16. The three sides of a triangle are 10, 12, and 14 inches.
Find the projections upon the longest side of the other two
sides.

Suggestion. Draw the altitude to the longest side and study the two

right triangles. Let 2 represent the numerical length of the altitude
and y and 14—y, the segments of the base.

17. Find the area of the triangle of No. 16.

18. Find the area of a triangle whose sides are 8, 9, and 10
inches.

19. A boy lodges his kite in the top of a tree. He stretches
the string to a point 14 feet from the foot of the tree and then
to a point 64 feet from the foot of the tree. He finds that it
requires 30 feet more string to reach the second point. IFind
the height of the tree.

20. The difference of the squares of two numbers is a,
and the quotient obtained by dividing the sum of the num-
bers by their difference is b. Find the numbers.

21. A guy wire is attached to the top of a flagpole and to
a stake in the ground 14 feet from the base of the pole. It is
observed that the wire must be lengthened 10 feet to reach a
stake 36 feet from the base of the pole. Find the length of
the wire and the height of the pole.



CHAPTER XVIII

RATIO, PROPORTION, AND VARIATION

207. Definitions. Define the following: ratio, antecedent,
consequent propcutlon, terms of a plopoluon means, ©X°
tremes, mean p1op01t10na] third proportional, and fomth
proportmnal il

208. Fundamental laws of proportion.
~I. In any proportion the product of the means equals the
product of the extremes. That is, 1f ‘l’ then ad="be.
II. Tf the product of two factors cqualh the product of twoO
others, either two may be made the means and the other two
¢
the extremes of a proportion. That is, if ad=be, then %———"(‘l‘
. 209. Important principles of proportion.
L. If four quantities are in proportion thev are in propor-
tion by alternation. That is, if — , then L= B
— b t c d
Explain by applying the two fundamental laws.
II. If four quantities are in proportion, they are in propor-
tion by inversion. That is, if - =<, then b=t Explain.
S b d a e
III. If four quantities are in proportion they are in pro-
at+b c+d
portion by composition. That is, it 5 =a., then T 5
IV. If four quantities are in proportion, they are in pro-
i By divisiols ¢ Thmy £ 2=, fien 2004
ortion ; 3, if ===, t ke R
P P | b~ d b d
356
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210. Geometrical principles.

I. Corresponding sides or altitudes of similar triangles are
in proportion.

I1. Corresponding sides or diagonals of similar polygons
are in proportion.

III. If a line is drawn through two sides of a triangle
parallel to the third side, it divides the two sides propor-
tionally.

IV. If in a right triangle a perpendicular is drawn from
the vertex of the right angle to the hypotenuse, the per-
pendicular is a mean proportional between the segments of
the hypotenuse.

V. The bisector of an angle of a triangle divides the
opposite side into segments that are p101301t10n'ﬂ to the
adjacent sides of the angle.

VI. If, from a point without a circle, a tangent and a secant
are drawn, the tangent is a mean proportional between the
whole secant and its external segment.

VII. The areas of two similar polygons have the same
ratio as the squares of any two corresponding sides.

VIII. A line is said to be divided in extreme and mean
ratio when the longer part is a mean proportional between
the whole line and the shorter part.

Exercise 200

Write the following ratios as fractions and simplify:

1. 32 :48. 2. 57 :95. 3. 3§ : 4%

4. 9a*D® : 21a®b*. 5, 2*—y* : (x—y)>
g4 2 2

6. G+ i, c T oY TV

$2_$y+y2 ’ x:{+y3'
Arrange the following proportions by alternation :
a_c¢ =y _ 3y

B L. = o0
b d T2 zty et g
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Arrange the following proportions by composition and
simplify:

- - 923 3x—5 a—b c—d
R L T ==
Find the value of = in each of the following propor [;()nq+ :

: a v
1 2288 16 8% 16 D= . T
18. 2243 _ x+6 3z+5 2743 20. -‘:’:—.12=ij_-’gt_
3z—2 2z+1 "52—2 3z—T 642 8+=
Find the mean proportional between:
21. 7 and 28. 22.. 9and 3. 23. % and i.
24. a®b and abs. 25. a*—Db® and a-+b.
26. m*—n?® and mt—n*.
27. Given zy=inn, form a proportion from z, y, m, and 2.

28. Given a®*—b*=z'+2z2+1, form a proportion. <
29. The ratio of 625 to 2 is 5. Find =. :
30. The mean proportional between 5 and 9.6 is z. Find .

Exercise 201. Problems

1. What number must be subtracted from 50, 45, 75, and
65 so that the remainders shall form a proportion?

2. The ratio of the rate of a local train to that of an
express train is 2 : 3. If the local train runs 30 miles per
hour, find the rate of the express train.

3. The ratio of the length of Lake Erie to the length of
Lake Michigan is 3 : 4. What is the length of each if Lake
Michigan is 90 miles longer than Lake Erie?

4. A base ball player threw a ball 210 feet. The ratio of
this distance to the distance usually considered the limit for
players is 5 : 7. Find the usual limit for ball players.

5. Two automobile racers start at the same time and travel
in the same direction, their rates being in the ratio 2 : 3. In
5 hours they are 100 miles apart. Find the rate of each.
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6. Each of 3 camps had the same number of hoys and all
were fed from food supplied by the first two. If one of them
furnished § as much as the other, and the third camp paid the
others $30, how was it divided between the first two camps?

7. The sides of a triangle are 5, 6, and 7 inches, respec-
tively, and in a similar triangle the side corresponding to the
shortest side of the first is 10 inches. Find the other sides.

8. The sides of a triangle are 2, 3 and 4 inches, respec-
tively. The perimeter of a similar triangle is 108 inches.
Find the lengths of the sides of the second triangle.

Suggestion. The ratio of the perimeters of similar triangles is the
same as the ratio of a pair of corresponding sides.

9. The shadow of a tree is 100 feet long. If the shadow of
a vertical pole 5 feet in length is 4 feet long, what is the
height of the tree?

10. The sides of a triangle are 8, 12, and 15 inches. Find
the segments of the longest side made by the bisector of the
opposite angle.

11. The sides of a triangle are a, b, and ¢. Find the seg-
ments of each side made by the bisectors of the opposite
angles.

12. Use the results of No. 11 to find the segments of the
sides of the triangle, which are 16, 18, and 20 inches, made by
the bisectors of the opposite angles.

13. If a boy weighing 125 pounds at a distance of 5 feet
from the fulerum is to balance a 75 pound boy, where should
the second boy be placed?

Note. If weights are placed on the two ends of a beam and the beam
turns about a pivot or fulerum, the beam will balance when :j—i=gf
That is, the weights are in inverse ratio to the distances.

14. Where should the fulerum be placed to balance two
boys weighing 120 and 90 pounds respectively, if the beam

is 16 feet long?
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15. A crowbar 5 feet long is used to lift a stone weighing
780 pounds. The fulerum of the erowbar is 8 inches from the
end of the bar. What force must be applied at the end of the
bar to lift the stone? e

16. The plan for a building is drawn to a scale of } inch to
1 foot. The length of a certain beam is shown on the plan to
be 3} inches. Find the length of the beam. '

17. If in a map the distance between two cities 540 11}1!95
apart is 2% inches, what is the distance between two cities
which are 3% inches apart on the map? )

18. The perimeter of a triangle is 63 inches and the ratio
between the longest and shortest side is 3 : 2, while the third
side is a mean proportional between the other two. Ifind the
sides of the triangle.

19. Wishing to determine the height of a flag staff, a man
noticed that by holding a 12 inch ruler vertically in front of
his line of sight, at a distance of 2 feet from his eye, the ruler
and the flag staff subtended the same angle. ITow tall was
the staff if the man was 200 feet from the base of the staff?

20. The corresponding sides of two similar triangles are
5 inches and 8 inches. If the area of the first is 50 square
inches, what is the area of the second?

21. The area of a square is 144 square inches. What is
the ratio of a side of this square to the side of another square
whose area is 9 times as great?

22. The areas of two similar triangles are 50 and 200 square
inches, respectively. If the base of the first is 10 inches, what
is the base of the second?

23. The altitude to the hypotenuse of a right triangle is
9 inches. If the entire length of the hypotenuse is 30 inches,
find the segments of the hypotenuse.

24. A secant to a circle is 63 inches long. If a tangent to
the circle from the same point is 21 inches, find the length of
the external part of the secant.
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25. A line 8 inches long is divided in extreme and mean
ratio. I'ind the parts of the line.

26. A diameter of a circle is 20 inches in length. A per-
pendicular is drawn to the diameter from a point on the
circle. If the length of the perpendicular is 8 inches, find the
segments of the diameter.

Note. The perpendicular to the diameter from a point on the circle
is a mean proportional between the segments of the diameter.

27. Two sides of a triangle are 12 and 18 inches, respec-
tively. A line parallel to the base divides the shorter side in
the ratio 1 : 2. Find the segments of the longer side.

28. Two corresponding sides of two similar polygons are
5 and 7 inches, respectively. If the area of the smaller poly-
gon is 150 square inches, find the area of the larger.

29. A father divides $3000 among his three sons so that
the eldest son receives 209, more than the second, and the
second receives 259; more than the youngest. Iind the
amount each one receives.

30. The difference of the squares of two numbers in the
ratio 5 : 2 is 168. Find the numbers.

211. Variation. When is one variable said to be a funetion
of another? (See § 157.)

In the equation y=a2?, y is a function of x. By solving the
equation for z in terms of v, we get 2= = vy, which expresses
x as a function of y.

One variable is said to vary as another when the first is
equal to the product of the second and a constant.

In the equation x==~ky, x varies as y since x equals the
product of y and a constant.

One variable is said to vary inversely as another when the
first is the quotient of a constant and the second variable.

In the equation :v=?k7, x varies inversely as y. Evidently,

this may also be written zy==k.
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One variable is gajc

first variable

In the equ

212. Many of the formulas of m
pressed in termg of variation.

For example, 4 =
2 circle varjes as the

[

« when th

I'to vary jointly as two others “Ol:lstant-.
& Q46

equals the product of the others .mtrid :

ation-z="ryz, z varies jointly as y a

\'—
: av he €
athematics may

of
- the ared
™% expresses the fact that the

square of the radius.

he volum®
Similarly, V=§m"‘ Cxpresses the fact that the

of a sphere varies as the ey}

; a trians
Also, A=1bh expresses the fact that the area of
varies Jointly ag its base ang altitude.
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7. The intensity of light varies inversely as the square of
the distance of the light from the surface illuminated. If a
20-candle power light 4 feet from the page furnishes a com-
fortable reading light, how far from the page must a 40-candle
power light be placed? A 100-candle power?

8. The weight of an object above the surface of the earth
varies inversely as the square of its distance from the center
of the earth. An object weighs 125 pounds on the surface of
the earth (assume it to be 4000 miles from the center). What
will be its weight 1000 miles above the surface? 4000 miles?

9. How far above the surface of the earth must the object
in No. 8 be carried to reduce its weight one-half?

10. The safe load, w, of a horizontal beam supported at

2

g ebd? .
each end is expressed by the formula W=, where b is the

breadth, d the depth, and I the length, or distance between
supports. If a 2 by 6 yellow pine joist set horizontally on its
edge on supports that are 10 feet apart carries safely a load
of 600 pounds, what would be the safe load if its supports
were 12 feet apart?

11. Would the joist in No. 10, if placed on its side across
a stream 12 feet wide, be safe for a man weighing 150 pounds?

12. What is the safe load for a 2 by 10 joist of the same
material as in No. 10 placed on its edge and resting on sup-
ports 16 feet apart? Of a 3 by 12 resting on supports 20 feet
apart?

13. The time required by a pendulum to make one vibra-
tion varies directly as the square root of its length. If a
pendulum 100 eentimeters long vibrates once per second,
find the length of a pendulum that vibrates once in 2 seconds.
Once in 4 seconds. Once in 4 a second.

14. What is the time of vibration of a pendulum 50 centi-
meters long? Of a pendulum 81 centimeters long? Of a

pendulum 1000 centimeters long?



CHAPTER XIX

PROGRESSIONS

213. Definitions. A series is a succession of related terms
whose values are determined according to some law.

A series is finite or infinite according as the number of its
terms is finite or infinite.

The variety of different series is unlimited, as the succeed-
Ing paragraphs will show.
Exercise 203

Write three or four additional terms for each of the following
series:

é. I 7. 1,4, 16,

sl 8. 5o 8. 1,1 4 4

3. 8,11, 14, 17, 9. i S, 4,‘ i ¢ o 50 s s anig

4. 2,4,8,16,........... 10. 1, %, 4, Iw

b. 1+I+$2—|—173, ........ 11. 1, '21;, QJ-;') 'y o)

6. 1—a2fat—gs . .
n=>5s

214. The expression Z (n*4-1) is taken to mean the sum
n=1

of the series of five terms obtained by substituting in (n2+1)
the numbers from 1 to 5 inclusive. This is a convenient way
for writing in compact form any series. Written as an identity
n=>s
we have, > (n*+1) =2+5+10-+17--26.
n=1
364
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The expression n=c means that »n becomes infinite, or
that its value increases beyond all bounds,

n=ow
Therefore E (any expression containing n) would repre-
n=1

sent an infinite series, or one the number of whose terms is
unlimited.

n=

. n 1,23 4

Tor example, 2 ey 5T 5+E+ﬁ ...............
n=1

Exercise 204
Expand the following series:

n=>5 n=>s
1. zn(n—i—l). Ans. z?z(rz+1)=9+6+12+20+30_
n=1 n=1
n=> n= n=0
—2 \*W_+1L<n_+2_>_
2. z (n+2). 3. Z Sn—2). 4. =
n=1 n—l
n=>5 n=06 ( ) n==6
n(n—3) O n(nt1D® Ot n(2n+3)
5. > MeoE e DT D T
f=1 n=1 n=1
Write the first five terms of each of the following series:
n=uow n= o
| 1
Z T' A“S'z AED 3+4+ + + """"
1= n=1
n=om n= n= o
n A | — 1
9 22n+3. 10. Z?Lﬂ—l—n 11. on

n=1 n=1 n=1
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n=m n=uw N=

2\n \—\ n 14:- \-\7 .Lil_.-— *

= 2 (&) 3. 2 NI “~ (n4+1)"
n=1 n=1 el |

2165. Arithmetic progression. If each term after the first
of a series is found by adding a constant difference to the
preceding term, the series is called an arithmeti(_: Progression-

The first term of an arithmetic progression Is 1‘(\1)rnsontcd
by a; the common difference, by d; the last term, by /; and the
number of terms, by n. The terms in order are represented
by a, a+d, a+2d, a+3d, . . .

What is the 5th term? The 12th term? The 20th term?

From the preceding we obtain the formula,

I=a+n—-1d. (I)

Solve this formula for a, n, and d.

We now have at our disposal four formulas which will
enable us to determine any one of the four literal numbers,
a, l, n, or d, when the other three are given.

Exercise 205
1. Given a=3, d=4, n=8; find L.

2. Given d=2, a=13, [=27; find n.

3. Given =31, d=4, n=>0; find a.

4. Given =48, a=8, n=9; find d.

6. Given a=—3, d=2}, n=10; find L.
6. Given a=4, d=—5, |= —26; find n.
7.. Given l=14}, n=9, d=2; find a.

8. Given a=—5, I=—26, n=8; find d.
9.

A ball rolling down an inclined plane goes 1 foot the
first second, 3 feet the second second, and 5 feet the third
second. IMind how many feet it will go the eighth second.

10. A body falling freely falls 16 feet the first second, 48
the next, and 80 the next. Find how many feet it will fall the
tenth second.
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11. There are four numbers in arithmetic progression
whose sum is 38. The product of the second and third exceeds
the product of the first and fourth by 18. TFind the pro-
gression.

Suggestion. Let a—3d, a—d, a+-d, and a+3d represent the num-
bers.

12. The sum of the first three terms of an arithmetic
progression is 15 and the fifth term exceeds the second by 21.
Find the eighth term.

216. Arithmetic means. The first and last terms of a series
are called the extremes and the remaining terms are called
the means. The problem of inserting a number of arithmetic
means between two given extremes resolves itself into finding
d, when a, I, and n are given, and writing the series.

Exercise 206

1. Insert 4 arithmetic means between 3 and 23. Solving,
d=4. Ans. 3,7, 11, 15, 19, 23.

Suggestion. n=6.

2. Insert 5 arithmetic means between 7 and 43.

3. Insert 4 arithmetic means between —7 and 23.

4. Insert 7 arithmetic means between 2 and 4.

5. Insert 3 arithmetic means between a and b and use the
results as formulas to insert 3 arithmetic means between 5
and 21.

6. 1%ind the arithmetic mean between a and b; between
5 and 37; between 3z and 2y.

7. A board is held in place by two nails 15 inches apart.
Show how to place 8 more nails between the two at equal

intervals.
8. The arithmetic mean of two numbers is 12 and the sum
of their squares is 306. Find the numbers.
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217. The sum of an arithmetic series. If We repregopt the
last term of an arithmetic series by [, then I—d represepts the
term before the last, —2d the term pr eceding that, ete-
Then the sum of any series can be expr essed as follows

s=a+ (a+d)+ (a+2d). =2+ A=d) 41 1)
Writing the series in reverse order,
s=l+(1—d)+1—2d). . . . +(@+2d)+(at+d)+a. (2)

adding (1) and (2),_
2s=(a+0)+ (a+D)+ (@+D). . . . + @D+ @+ 4 (o +1),
or 2s=n(a+1).

Therefore s= ;—‘(a+z). (IT)

If we substitute the value of [ in the formula l=a + (5, —1)d
for L in II, we get s=?2—?[2a+(n—1)d]. (I1I)

If any three of the five numbers, a, [, d, n, and s of an
arithmetic progression are given, the remaining two can be
found by means of the preceding formulas, I, II, and III.

Exercise 207
Use formulas I, II, and III to solve the following:
Given a=2, =23, n=8; find d and s.
Given a= —5, 1=27, d=4; find n and s.
Given a=8, [=—10, s= —7; find n and d.
Given a=—9, n=6, d=7; find [ and s.
Given a=2}, n=10, s=137}; find [ and d.
Given a=5, d=3, s=75; find | and n.

Suggestion. Substitute first in IIT and solve the resulting quadratic
for n. Will both roots satisfy the problem?

7. Given l=—26, n=8, d=—3; find a and s.
8. Given [=6, n=9, s=30; find a and d.

9. Given =14, d=4, s=24; find a and n.
10. Given n=9, d=2, s=57; find ¢ and [.

P G0
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11. A ball rolling down an inclined plane rolls 3 feet the
first second, 9 feet the next and 15 the next. Find how far it
will roll in 8 seconds.

12. A body falling freely falls 16 feet the first second, 48
feet the next, and 80 the next. Find how far it will fall in 5
seconds; in 8 seconds; in { seconds.

218. Geometric progressions. A geometric progression is
a series such that the quotient of any term divided by the
preceding term is a constant number. This constant ratio is
represented by . The letters a, I, n, and s are used in geo-
metric progressions with the same meaning as in arithmetic
progressions. 5, 10, 20,40, . . . isa geometric progression.

If e, orhar® < . represent the terms of a geometric
progression, what is the 8th term? The 10th term? The nth
term? The last question suggests the formula, l=ar*~. (1)
Solve this formula for a; for ». Ans. 7-=’T/ El

As in arithmetic progressions, the first and last terms are
called the extremes and the remaining terms the means.

Exercise 208

. Tind the 8th term of the series 3, 6, 12 . . . .
. Find the 5th term of 5, —15,45 . . .
Given a=—2, r=4, n=>5; find L.

Given [=36, n=4, r=3; find a.
Given [=56, a=7, n=4; find ».
Insert 3 geometric means between 3 and 48.

Suggestion. Show r==2 and write both series.

7. Show that the logarithms of the terms of a geometric
series form an arithimetic series.
log I —log ﬂ-}—l-

log r

9. The first two terms of a geometric series are x and .

Find the third term.

SO WP

8. Show that n =
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10. Tind the 18th term of 2, 6, 18, . . .

Suggestion. Use logarithms.

11. Find the 20th term of 27, 18, 12,8, . . . .

12. If one dollar is placed at compound interest at 6%,
it is worth, at the end of the first year, $1.06; at 111.0 end of
the second year, $(1.06)2; and at the end of the third year,
$(1.06)*. Explain. Find by logarithms its value at the end of
the 12th year.

13. Find the value of one dollar at compound interest at
5% at the end of 100 years.

14. Tind the value of $100 at compound interest at 69 at
the end of 8 years.

219. Sum of a geometric series. The formula for the sum
of a geometric series is discovered by the following process;

(1) s=a4t-ar+ardar* . . . ar~\.
Multiplying both members of (1) by r,
(2) rs=ar+art+ar® . . . arnVd-arn.

Subtracting (1) from (2), rs—s=arn—a.

ar*—a
Whence s= ;
r—

(IT)
Since I=arn-, rl=ar"; then by substitution we have,

rl—a
T T (I1T)

Exercise 209
Solve Formula IT for a.
Solve Formula 111 for a; for »; for I.
. Find the sum of eight terms of the series 1, 2, 4, 8,

SHEROL

Given a=3, r=3, n=5. Tind s.
Find the sum of 6 terms of 3,3 y3, 9, . . .

Find the sum of 7 terms of 2, —4,8, —16, . ...
Find the sum of 5 terms of 3, 2, 4, §

b

Noop’
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8. The fourth term of a geometric progression is 12 and
the sixth term is 27. Find the sum of the first 6 terms.

9. Find the sum of seven terms of 14z+2242°
Reduce the result to simplest form by dividing the numera-
tor by the denominator.

10. Find the sum of five termsof 1 —z4-22 . . . . Reduce
the result to simplest form.

11. A boy asking for a position is offered one cent for his
first day’s work, and for each succeeding day double that of,
the ])ICV]OLIS day. Ie works 12 days. Find the total amount
he receives.

12. A person writes the same letter to each of three of his
friends, and asks them each one to write the same letter to
three friends, and so on till the tenth set of letters has been
written. Find the total number of letters that will be written
in the entire chain.

220. Infinite geometric series. When in any given series
7 is less than one, it will be observed that each term is less
than the preceding term, and as the number of terms becomes
greater, the last term becomes smaller and smaller and
approaches zero as a limit. In theseries1, 3,31, 3, . . ., itis
very easy to find a term that is less than any given amount,
as, for example, .001. See § 236.

Find the sum of six terms of this series; eight terms; twelve
terms. What do you notice about the sum?

Find by logarithms the 40th term of the series 10, 9, 8.1,

Find the 100th term.

—1
number of terms is unlimited, it will be observed that ar®
approaches zero as a limit. Therefore for any decreasing

a ‘
» when 7 is less than one and the

> ar
In the formula s= .

AT ; a a
infinite series S O e (Read =““approaches as a
limit.”)
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221. Repeating decimals. A common f 1‘:1,(_:.ti0n in its
lowest terms, whose denominator contains prime factors
other than 2 and 5, cannot be expressed exactly in decimal
form. When we attempt to reduce such a fraction to deci-

mals, we find that the same groups of digits occur repeatedly.
As, for example,

y=.3333 . . .
r=.454545 .
y 4= 428571428571 . . .

Any number in repeating decimal form may be considered
as an infinite geometric series. As, for example,

33348, 8 ,

10 " 100 " 1000
. 3 3
MBS (R T S I |
Hema—ro,r=m- '].hen.s—l——l—t--—3
10 10

Exercise 210

Find the sum of each of the Jollowing infinile series:
1' 2» 11 '}{J .« .. Ans. 4.
2. 3,2, 4, .

o b &
-—-l8

5. 1,
6. 6,3v2, 3, . . -
AN

Ll

1
SRR = s Ja—1 4—248
4. 27,18,12, . . . .

0]
8. 1, x, 27, .

O«'lw

.« (When z is less than 1.)

Find the values of the following repealing decimals:
9. 4545 . . . .

- - a5 45 a5
Suggestion. Asa series 4545 . . . = 106+ 10000 Ans, 11
10. .636G3 . 11. 3.16363 .

3 . 63 63 9
Note. This is 3.1 plus the series 1()00+100000 Ans 55
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12. 8.1666 . . . . 13. 5.0333 . . .

14, 243243 . . . . 15, L44144144 .

16. If a ball, dropped from a height of 60 feet, rebounds
30 feet on striking the ground, and again rebounds 15 feet,
and so on, how far will it travel
before coming to rest?

17. One side of the equilat-
eral triangle A B C is 10 inches.
The mid-points of the sides
are connected forming the
triangle XYZ, and so on. If
this process is continued indefi-
nitely, find the total length of

the lines. A . B
X

C

Exercise 211, Review

1. Suppose that every term of an arithmetic progression
is multiplied by k; is the result an arithmetic progression?

2. Show that the quotients form a geometric progression
when each term of a geometric progression is divided by the
same number.

3. What is the sum of the first 200 numbers that are
divisible by 5?

4. How many multiples of 7 are there between 350 and
12107 ‘

5. The sum of four numbers of an arithmetic progression
is 0, and the sum of their squares is 125. Iind the numbers.

6. Show that the sum of 2n+1 consecutive integers is
divisible by 2n--1. _

7. Show that the sum of the arithmetic progression 1, 3, 5,
7, . . . is n* where n is the number of terms.

8. Find the sum of all numbers under 200 that are divisible
by 3 and not divisible by 2.
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9. The product of the 3 terms of a geometric progression
is 512. If the first term is 1, find the second.

10. The sum of the first eight terms of a geometric pro-
gression is 17 times the sum of the first four. IFind r.

11. TFind the sum of the first six terms of a geometric pro-
gression if the second term is 5 and the fifth, 625.

12. Three numbers form a geometric progression and they
are the second, fourth, and ninth terms of an arithmetic
progression whose first term is 1. Tind d.

13. What is the fourth term of a geometric progression if
the second is § and the fifth is 625?

_14. Find the sum of five consecutive powers of 3 beginning
with the first.

16. Of three numbers in geometric progression, the sum
of the first and second exceeds the third by 3, and the sum

of the first and third exceeds the second by 21. Find the
numbers.

16. Three numbers form a geometric progression. If 2 is
Suptracted from the first, 4 from the second, and 13 from the
third, the I‘GS.ultS form an arithmetic progression, the sum of
whose terms is 30. Find te arithmetic progression.

: 17. To what sum will $1 amount at 49, compound interest
In 5 years? ‘

.18. The number of oranges in a pile in the form of a

triangular pyramid is 1+ (142)4(14-243)+ . . . de-

p_ending on the number of layers. How many oranges in a
pile of 10 layers?

19. If @, b, and ¢ form a geometric progression, show that
1 1 1 ;
5—a 2’ and Heme form an arithmetic progression.
20. A farmer hires a laborer for the summer at a beginning
salary of $50 a month, with either a raise of $10 per month,
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after the first month, or a raise of $2.50 ever v two weeks after
the first half month. If 4 weeks are considered a month,
which is the better proposition for the laborer , provided he
will work 20 weeks?

21. A man travels at a constantly increasing rate. He goes
1 mile the first hour, 3 miles the next, 5 the ne\t and so on.
How far will he go in 64 hours?

22. A well-drilling company in estimating the number of
linear feet of casing in stock, find they have 10 piles of 30-foot
sections each pile being arranged in triangular form, 12 pipes
in the first layer, 11 in the next, ete. How many feet of casing
in their stock?

23. In a potato race, the potatoes are placed in a row, the
first 10 feet from a box and the remaining ones at intervals of
4 feet. There are 25 potatoes in all. The contestant starts at
the box and fetches them one at a time. How far has he run
when all the potatoes are placed in the box?

24. Neglecting the resistance of the air a body falls from
rest 16.08 feet the first second, 48.24 fect the second second,
80.40 feet the third, etc. How far will it fall in 6 seconds?
in 12 seconds?

26. The increase in velocity as represented in No. 24 is
called acceleration due to gravity and is represented by the
literal number g. Using this value for d, how far does the
body fall in ¢ seconds? The result is a well-known formula in
Physics. Ans. s=3gt%

26. If a falling body is given an initial velocity of » feet per
second, then the distance it falls in ¢ seconds is »¢ feet plus the
distance it would fall if starting from rest, i. e., s=vt-+2gt%

How long will it take a body to fall 3918 feet, if given an
initial velocity of 20 feet per second?

27. What must be the initial velocity of a falling body in
order that it shall fall 1200 feet in 7% seconds?
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28. A pulley rolling on a cable which is inclined at an
angle of 30°, goes down at the rate of 7.25 feet the first second
7 and in each succeeding
A( second 14.5 feet more
than in the preceding
one. How long will it
talke the pulley to reach
the end of a 261-foot
cable?

s N g 29. In the accom-
D B . .
panying figure, AB 1is
perpendicular to SK, BC is perpendicular to ST, CD to SK,
. If AB is 12 inches and CB is 10 inches, what is
the sum of all the perpendiculars?

30. If an air pump draws out at each stroke 1/10 the vol-
ume of the air in the bell jar, what fractional part of the air
will remain in the jar at the end of the tenth stroke?

31. There is an Eastern legend that the ruler for whom
T.:he game of chess was invented foolishly agreed to pay the
inventor 1 grain of wheat for the first square on the hoard,
2 for the second, 4 for the third, 8 for the fourth, . . .

Determine by logarithms the number of digits in the num-
ber of grains of wheat that the inventor should have received
and the four figures at the extreme left of this number.



CHAPTER XX
THE BINOMIAL THEOREM

222. The powers of (a+b) and of (a—b).

The following powers are obtained by multiplication:

(a+b)t=a-Db.

(a+b)2=a+2ab+4D%

(a+b)*=a3+3a*b+3ab*+-b3.

(a4-b)*=a*+4a’b+6a*b*+4ab®+ b,

(a+b)®=a’+5a*b+10a°b*+410a°b* 4 5abt 4 b5,

Similarly, find the corresponding powers of a—b.

In the powers of (a=0)", when n is a positive integral
number, observe the following:

(1) The number of terms is one greater than n.

(2) The first term is a® and the exponent of a decreases by
unity in each succeeding term.

(3) The exponent of b is unity in the second term and
increases by unity in each succeeding term.

(4) The coefficient of the second term is n, and if the
cocfficient of any term is multiplied by the exponent of a in
that term, and the product divided by the number of the
term, the quotient is the coefficient of the next term.

(5) The signs of (a+b)" are all + and the signs of (a—b)"
are alternately + and —.

llustrative examples.

1. Expand (a-+D)"

Solution. The first term is a7 and the second term is 7a®h. The
coefficient of the third term is found by multiplying 7 by 6 and dividing
the product by 2. The complete third term is 21a%h?.

Continue in the same way to find succeeding terms. The expansion is,

(a+4b)7=a”+7a%b+21a%* +-35ab3+ 3543 -2 1a*b5 + Tab® 4-b7,
37T
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2. Expand (2z*—33°)%.
Solution. (a—b)*=a’—3a%+3ab*—b.
Using this as a formula, we get,
(212 —3y%)% = (222)3 —3(222)2 (3y°) +3(22%) (3y°)* — (3y°)*=
818 — 36z’ + Hda®y® — 271",
Exercise 212

Ezxpand the following:

1. (a=b)s. 72. (z+y)". 3. (z—y)t »4. (2z+43y)t

5. (3a—2b)%. 6. (2n243m2)°% 7. (3x?—5y)'.
8. (7R*—06r)%. 9. (3m*n— 4) 5. 10. ((3 v _/" - "aﬁb)‘.
Y\t m g
n e G s (G

223. Any required term. If the coefficients of the terms of
the binomial expansion are determined by (4) of Section 222,
and the coefficients are left in the fractional form, a simple
process for writing any term is discovered. For exmnple,

(aib)u—-asila"b—{-ﬁo 6-5-4

ib" 1 9 3a'1b'3+
6-543 .., 6-54.3-2 . -3-4-‘3-2-1
Al T isaae? + 534560

Similarly, write the expansion of (a d:b)"'.

Observations,

(1) The factors of each numerator aren (n—1) (n—2). . .

(2) The factors of ecach denominator are 1-2-3 .

(3) The number of factors in each numerator and denomi-
nator is one less than the number of the term.

(4) The exponent of b is one less than the number of the
term and the exponent of a is found by subtracting the
exponent of b from n.

(5) The only signs that are negative are the signs of the
even numbered terms of (a—b)™.

Note. These observations may all be condensed into the formula:

The rth term of (a=b)"=
nn—1) n—=2) ... to (r—1) factors ¥
1-2.3 . . . to (r—1) factors g e
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Nlustrative examples.
1. Find the 5th term of (x-4¥)5.

Solution, 5th term of (:c+y)”=%;g—:fr‘y‘=70x‘gf.

2. Find the 6th term of (2n—23m)2

Solution. 6th term of (2n—3m)?= —%%—d_(:__(_ny@m)a

= —489888n*ms.  (Explain the negative sign.)

Exercise 213

Find the 7th term of (a+b)™.
Find the 8th term of (z—y)™.
Find the 5th term of (2a—b)°.
Find the 4th term of (3n+2m)".
Find the 3rd term of (2a— + )5,

Find the 6th term of (309—-2)7.

.

S b

7. Find the 4th term of (—-—-—

It is explained in the work of the preceding paragraphs
that the following formula holds true for the expansion of
(a=Db)", when n is a positive integral number.

(a:i:b)ﬂh-and:l an 1b+ﬁ(ﬂ. 1) an—2h? =
n(n—-l)(n——Z)
1.2.3

It will be noticed that the number of terms is one more than
n and, if one should attempt to find more than n+41 terms by
the formula, as the 5th term of (a-+b)?% one of the factors of
the numerator of the coefficient is zero which malkes the term
Zero.

The series of terms in the right member of the above is
called the expansion of (a=b)". The series is finite and con-
tains n+1 terms only when n is a positive whole number.
The whole identity is called the binomial theorem.

=
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224, Binomial theorem, exponent fractional or negative.
It is proved in higher mathematics that the binomial theorem
is true for fractional and negative exponents when the first
term of the binomial is arithmetically greater than the
second. The expansion of any binomial with a fractional or
negative exponent gives an infinite series, which can be
interpreted if the larger term, arithmetically, of the binomial
is the first term.

Tlustrative examples.

1. Expand (1—z).
Solution. Substituting in the formula,
i (=1(-2) , (=1)(—=2){—3)
e R B b L R 153 2P oo
=14zttt . . ..

Can you write additional terms by inspection?

It .will be noticed that the expansion of (1 —z)~! is an infinite geo-
met‘“f’f’-l progression with the first term 1 and the ratio z. Thisseriesis of
meaning to us only when x is less than 1. Applying the formula for
iinding the sum of the geometric series 1-4+x-z*+42% . . . we get

- which is another way of writing (1 —z)-1.

2. Expand (1+z)%

Solution. (142)3= 1+§z+%(1_—2%)x2+ () (1_.3)._: . 5-5)3:3

_ r 2 of
=l e
3. Write the rth term of (14x)%
Solution. By a careful study of Example 2, it will be observed that
the factors of the numerator of the rth term of (1+z)* are (1) (—3%)
(—=%) (=% . . . tor—1 factors, while the factors of the denominator

are 1.2:3 . . . tor—1 factors. If each factor of the numerator and
denominator is multiplied by 2, the rth term reduces to

(1)(—=1)(=3)(—=5) ... r—1 factors
2-4-6-8 . . . r—1 factors

-l



1.
2.

W

division 7
3.

division

4,

©®Ne e

10.
11,
12,
13.
14,
15.
16.
17,
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Exercise 214
Expand (a—b)® to 4 terms.
Expand to 4 terms (14+x)~'. Check by performing the

Expand to 4 terms (1—x) =2 Check by performing the

Expand to 4 terms (1+ux)3.
Expand to 4 terms (1—2x)3,
Expand to 4 terms (8z*—2y)4,
Expand to 3 terms (1+4-z) -1,
Expand to 4 terms (x—2y) -3,
Expand to 4 terms (4a?—5)1,
Expand to 4 terms (2z4-y)!°.
Expand to 4 terms (5224-3b)5.
Find the 6th term of (x—2y)t.
Find the 7th term of (3z—2y),
Find the 6th term of (1—2x)-1.
Find the 5th term of (1 +2),
Find the 8th term of (2—z)-1.
Expand to 3 terms (1+42z)} and check by finding

the square root of 1+42z.

225. Square root and cube root. The binomial theorem
and its applications furnish us with the solution of many
practical problems. One of these is the extraction of any root
of any number. Square root and cube root only will be
treated here. As a preliminary step, we expand the following:

(Qez)b=]=lo—fat=gad— . ... (1)

1,. 5
T N )

3 9 81
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Hlustrative examples.
L. Find the square root, of 37.
Sol_ution. Subst-ituting in (1),
V3T=(36+1) =6(14 )}
. 1 1 1
“[’(1+‘i_9,“3-:362+16-3u-* &2 P )
=64-.08333 — .00058+.000008 = 6.083 —.

2. Tind the cube root of 76,
Solution, Using (2),

5
e 1 1
V6= (64-+12)4 = 4(1+%)‘=4(1+fg—%+1"22’3§

1 Gl )=4+-25—.015625+.0016=4.236a.

1 3 Exercise 215 g four
ind the Square root of the followin numbers, ust
terms of (1): iing

00-
1..26. 9 33 3. 53. 4, 150. 5. 87. _6' ?aﬁr
Find the cube ropy of the following numbers, usind
€rms of (2):

7. 28, 8. 66. 9. 130, 10. 231
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926, Factoring and fractions.
Exercise 216

Factor the following:

1, 34322 —4a—12.

2. (+2) (z—5)— (@—3) (@—5)—5(—5).
3. a?—25b2—6a+9.

4, 2(a3+1)—7(a2—1).

6. a‘+ab+bh

6. zi+22249.

Szmplzf y the followmg 4
: 8cﬂ-|—b1 20+
T je—ao* ( +3a——2b) 9@—12ab+4b‘-"
[a.4+a +1 (a+1?, @ .

8 541 at—1 " (a— 1
z+2a 22+ 7ax  x—20
i r—a a?—a* +.1:+a.
1 z+y, ¥
10 —d__%_g;_az—b?' i1, L9 +.15+y_
’ 1___1_'?113—733 1l
n: y x U
il BNty © S
192 @+ lfa-l—o;'l-i—l a+a2+1
a+-& -—‘a
T T : z L
13-z =iy = =.’L—x— po =?
AT T =1
5 x
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227. Exponents and radicals.

| Exercise 217
Find the numerical value of each of the following:

1°(=693.  grip-teal. 8 9fe27-h
2,974 -
it T e
0z.64 -3 12-

6.7 (62472:3%) + (2-5.9-2).

Solve for a:
8. 27+.0=3%,

L )a_ 3
{ 10 (9) 7—a.
_q 1261=8.
RS0 Vo
Jat V6

2164 (2o (@2=0)? (z=—) L,

(18, @b F e,

0. 8{%a.43%a=16%

Ba)a
11: 36%= (b)j.'

- 17. (z‘ﬁ) (35;&3) _

. (x;_{;':_])n“'

7. 8°9~1.3-2+27L
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———1
207 (adzx—32Variix)®-

22.«

ayz® | Va2

\fi]\"(l v ax - x—8

3

21. ﬂ‘xa J ,L)sa—l_

—_— 1
1L/ TR A T
23. (m —2zs V-1 1,4')

24. (l/ a*b~'c l/b c~la ,/ ctab l/ abc')m- . 5

26.
27

29.
31.

$32
36,42

37.°
- 39.
- 40.

-7 41.
42.

Rationalize the denominators:

o 44 (2 75+ y2)-(184+4+10)
IP4AN AaA

.
1

46.

48.

x t1+b— “Uu+b

(ab)=tuv+a=bv,

B 8, A2
(m4y Sz‘“’)ac.
3n+'.! A7
TnT_sT-

5—2_3-2
5—3 5—38—_3-=2
a—tta2+1

aZ—a+1

-1 —x 2 - 1b!

xl—a2h '%—l-i—b“‘

26T (ze) =2}~ [{ (x) = }?].
28, [(a.z"f‘b') =y (ay-—:) z]_

30, (4ot244.4e)+ (16-42+2),
32. (a=—1)3(a2+=)3(a=—%)"2

fg e 27 14+-3at
a4 T9F27a—"3

+-(.008)—3- V25
(.04)F.(2.25)F

;- §:23.4n—5
38. —

36.

(a*#—5a3=+-10a=—10a~*--538=—q—52)

-—(a--’-l—a -2z __ ‘))

(55— VT+9V3+2V105) (v3— v7+ V).
(BVZ—2vi+10vE) (3 V2444 v 125+ + 108).

(VaFi—va—1) (va—1). ~ 43. (vaFi—2%

vo+ V2

\’_7:: V3
@+ V3 V7
3+v2
V3+V3++v2

2 2
45. =\I—_—'3:___\_‘—4__'
V2— y3V3+v2
- 47. 1

IOI.

2+ VBH Y5+ V
5343 \f2.

49, ———
v2++v3
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koo o
V264873 .
i ¥9a%
- 100
- b2, 8\,"1()1+2 27— ' 363461/ T
Sk o =0 55 \”7
" 53 n - 54, i Ty —a
: 1'—-\"_'-_‘2 2— N T s 2
N3l —D V=3-v=3 g, L= VY%
P EEs e
54343 ~2nv—1
42430 | dm=2n V=T
0% 2V=2-3y3 % 2m—n+y —1
Extract the Square root of :
‘61"a‘*”+4a"‘3=-—2a‘2x—-12a—=+9
62. 40*+5a2 — 11444 — 120t + 140 — 442, L
637 a5 — 241, - ‘+)a‘r—"—-ba-x"?—l—bu.n—’—--ix_“"*'a B
4 3 ol 1
64. as— 2+3fg ~’i~1+a I

66.

66.

87, I

Gt
1

o~ voi

Simplify (l/ '_1_%3 .

Collect,

(

' 68, Collect

69,

70. Collect Yo+ VD

o
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/
Find to three decimals: I/ V34 y 17

V120

Find to two decimals: v V10— y5. )Q

1
34 v 2)2
+~—~__
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228. Equations.
Exercise 218

Solve the following equations:
1. (2a—1)'=2(a42) (‘7(1—:) 19—3a.
9. §(n—3)—-('"—éu-) =r(9+n)-
2 z+1 r—2
=2 a—1 142
o6’ —2a—4  2a+3_ 3a-—1

& a*+2q— 8T 1= 643

@ (2z+1 1) (x+1+1)+3$ - '?

8. (m—i—;) +(m+$—.)=6-
. (322—5a+1)"—5(3a2—5a+1)+6=0.

8. Yaf5—vz=1.
9. va+d+v2r—1=yTx+l.

3.

716, y2z—34+Vz—2+ v3z—5=0.

17. J3z— 2-{-\/2 T= V’.Zt,
18. Write and solve three other e\amples involving the
but differing in signs. Compare

same radicals as No. 17,
with Nos. 13—16.

19. y3z—5+ v2r—3=Vor—8 e
20. Write and solve three other examples involving the

“same radicals as No. 19.
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a1. l/n:— l/m2—3l/ =1,

22. I/:H- y 23y r+i=1.

_23. Jhtz——==1Vo—u.

% m=m “5kz 2
95. r2—3x+4—2VTF—3r+5=2.
» 26. x-+z¥=30. 27. 3z-1—5zp—h=2.
> 28, 5ai—3ai=14. “29. 2¢-3—5a-14+2=0.
Solve the following for :
» 30. 2a224t-abx=30b%
31, abxr—bz+2ax—2=0.
32 anat—2azx+3nr=06.
mrt—mirt+mnr—r+m—n=0,

34. (m,__) b(a:c-——~)+o—.

229. Miscellaneous applications.

Exercise 219

“1. Given the formulas 7=prt and a=p+prt, climinate p
and derive a formula for 7.

V2, Solve F= 32+9§ for C.

3. Given the formulas S=4m? and V7

=473, eliminate
r and solve for V.

4. Eliminatenfroml=a+ (n—1)dby the uscof s :g (a+10).

. Solve [=ar»~! for n in terms of a logarithmic formula.

5

- a—arn
6. Eliminate a from 8 =7 -by the use of l=ar~
7

. Solve the formula s=3gt*+uvt for ¢,
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8. Eliminate ¢ from s=3gf® and v=gf, and obtain a
formula for » in terms of the other letters.

9. TFind the roots of .2322—1.212=2.7 correct to .001.

10. Find, without logarithms, the value of (13.7)%.
~11. Find, by the use of logarithms, the value of (.00327) —*.

5/(92 Q72 TSR
~12. Solve by logs I/(~-8: ) (:03275)

1.833
13. Reduce a'®*—b's to its four prime factors.

—14. Eliminate y from a?4-y=7 and z+y*=11 and find
one root of the resulting equation of the fourth degree by
synthetic division. Find the corresponding value of ¥ and
check.

— 1b5. Solve for x and y:

:v—y+(:v+1 _yé—l) 227

3 2
r—3y_ 2x+y_ g
g & -

16. Find four consecutive odd numbers such that the
product of the third and fourth exceeds the sum of the
squares of the first and second by 13.

17. A has $2.95 in nickels, dimes, and quarters, 20 coins
in all. If the number of nickels is one-third the number of
dimes and quarters together, find the number of each.

18. A motor-boat requires 6 hours to go 18 miles down
stream and return. If the current were one-half as swift, the
motor-boat could make the round trip in 4 hours and 43
minutes. Find the rate of the boat and the rate of the
current.

19. If a number composed of two digits is multiplied by
the digit in units’ place, the product is 24 times the sum of
the digits. The digit in units’ place is 3 more than the digit
in tens' place. TFind the number.

20. A farmer has in one bin feed composed of 2 parts corn
to 3 parts wheat. In another bin he has ground feed com-
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posed of 5 parts corn to 3 parts wheat. e wished to obtain
90 pounds of feed half corn and half wheat. How much must
he take from each bin?

21. A mechanic determines that if his wages are increased
123c per hour, it will require 40 hours less time for him to
earn $100, What are his present wages?

22. A locomotive engineer whistled for a crossing at a
certain distance from it. The sound of the whistle is heard
at the crossing 25 seconds before the arrival of the train. If
the speed of the train was 80 feet per second and sound travels
1080 feet per second, how far was the train from the crossing
When the engineer blew his whistle?

23. Separate 21 into two parts so that one part increased
by 50% of itself is to the square of the other part as 2 : 9.

24. Two autos start toward each other from two towns at
thG. same time and meet in 4 hours. One auto travels at a
umfo_l'm rate of 6 miles per hour faster than the other and
requires 3} hours less time to go the entire distance between
the towns. Find the rate of each auto and the distance of one
town from the other.
0t§5- A man has tfvo investn_aents, one yielding 39 and the

e 4‘_70, from which he derives an annual income of $590.

If the Investments were interchanged, his annual income
would be $600. Find the amount of each investment.

2f:"- The arithmetic mean between two numbers is 37 Land
their geometric mean is 36. Find the numbers.

. 27. A and B together can do g piece of work in half the
time required by C to do it alone. A works twice as fast as
B. Also B and C can do the work together in 44 days. In
what time can each do the work alone?

28. The ages of A and B are 20 and 13 years, respectively.
In how many years will their ages have the ratio 4 : 37

29. The denominator of a certain fraction exceeds the
numerator by 3. If a certain number is added to both terms
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of the fraction, the value of the fraction is §. If the same
number is subtracted from both terms of the fraction, the
value is 740. Find the fraction.

30. It is proved in geometry that one side of a regular
decagon inscribed in a circle is a mean proportional between
the radius and the difference of the radius and the side. Find
the side of a regular decagon inscribed in a circle whose radius
is 12 inches.

31. Tind the apothem and area of the decagon of No. 30.

32. Solve d=16¢ for ¢t and use the resulting formula to
determine the number of seconds required for a body to fall
900 feet.

33. A stone is dropped from the top of Washington Monu-
ment, the height of which is 555 feet. In how many seconds
will it strike the ground?

34. A stone is dropped from the top of a cliff overhanging
a river and 5 seconds later its splash is heard in the water
below. If sound travels 1080 feet per second, find the height
of the cliff. Ans. 350 fect.

35. An auto starts from a town at 8 A. M., traveling at
the rate of 7 miles the first hour, 8 miles the second hour, 9
miles the third hour, and so on. A second auto starts at 9
A. M. and travels at a uniform rate of 12 miles per hour. At
what times will the two autos be together?

36. A merchant sells an article for $75 and, computing his
percentage of profit on the purchase price, finds that his
percentage of profit equals the number of dollars in the pur-

chase price. What was the purchase price?

37. A merchant sells an article for $90 and, computing
his percentage of profit on the purchase price, finds that his
percentage of profit is 10 less than the number of dollars in
the purchase price. Find the purchase price.

38. The perimeter of a right triangle is 48 feet and its area
is 96 square feet. Iind its legs and hypotenuse.
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39. The front wheels of a farm wagon make 88 more
revolutions per mile than the rear wheels. The front wheels
of a farm truck are 2 feet less in cireumference and the rear
wheels 3 feet less than the corresponding wheels of the
wagon, and the front wheels of the truck also make 88 more
revolutions per mile than its rear wheels. Find the circum-
ferences of both sets of wheels.

40. It has been shown that = is four times the fraction

1
1
1+ .
k3 G
s 25

Now the value of «, correct to 6 decimals, is 3.141592. How
much does four times the value of the fraction, stopping at

64 ;
2+2 , differ from the value of #? How much, stop-

ping at 2+éﬂ_?

41. A farmer has a field in the shape of the trapezoid of
the accompanying figure. Its dimensions are 4B = 160 rods,
BC'=80rods, and CD=140 rods. AR and CD are parallel
and B(C is perpendicular to both. He wishes to divide it

D 140 rods ¢ cqually among his four
/ sons by fences paralle]
to AB and CD. How

/ far apart will these fences

/ be, and what frontage

/ will each son have on the
! 2607008 B road AD?

80 rods
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42. Tind the area of a triangle whose sides are 12, 16, and
24 inches, respectively.
The area of a D 12 C

trapezoid all of
whose sides are

known as in the [ 6l 1 h 8
accompanying fig-

ure, can be found if ;

h, the distance be- 4 20 B K B

tween the parallel
sides, is considered as the altitude of the triangle BCE. The value of
i can be found by solving the equations: x2+4A2=36, and (8—z)*+
h*=064, where x=EF. Explain.

43. Tind the area of the trapezoid whose parallel sides are
24 and 36 feet and whose non-parallel sides are 8 and 10 feet,

respectively.
44, The value of the continued fraction 1
14+—
R 7

is one root of %=%E Solve the equation, simplify the

continued fraction and compare the results.

4 45. In the
accompanying
figure, CD is
tangent to the

o circle whose

4 center is O at

= A, one end of

the diameter

C A D AB. 2zA0C=

30° and CD is constructed equal to 3r.
Show that CA=3r+v3. Then AD=3r—}r+3.
Compare the length of BD with the length of the semicircle.



CHAPTER XXII

SUPPLEMENTARY TOPICS

INTERPRETATION OF IMAGINARIES

230. Conjugate imaginaries. Complex numbers that
differ only in the sign of the imaginary term are called
conjugate imaginaries. Thus 5+2+v —1 and 5—2 Vv —1 are
conjugate. The typeforms are a+bi and a— bi.

Now (a+bi)+(a—bi)=2a, (a+bi)— (a—bi)=2bi, and
(a+bi) (a—bi)=a2+b2. Evidently the sum and the product
Of. a pair of conjugate imaginaries are real numbers, but the
difference is an imaginary number.

If a complex number is one root of an equation of second
or higher degree, then its conjugate is a second root. _

Given two complex numbers not conjugate, evidently their sum, dif-

fcrence, product, and quotient are complex numbers unless the imagin-
ary term becomes zero.

Since the square of a complex number is a complex number, the
square root of any complex number may be expressed as a ccm_lplcx
number following the plan of § 179, except that the rational part is the

difference of two factors of m.

231. Graph of a complex number. Since the symbol v —1,
or 7, can be interpreted as an operator that turns a real num-
ber through an angle of 90° (sce § 180), it may be used to
indicate direction on a plane as the signs +and — are used to
indicate direction on a line. For +3 is interpreted to mean &
distance of 3 units to the right of an agreed 0 point. on a line
in contrast with —3 which is interpreted as 3 units to t}le
left of the point. Then 37 may mean a distance of 3 un{ﬁ
measured upward on a line which is perpcndiculm' to the ﬁ? ;,
line at the point O, and —3¢ a distance downward on the
same perpendicular line.

394
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A complex number may be represented graphically as a
point on a plane; for 3427 is to be found by moving 3 units
to the right of O then 2 units at right angles upward to the

-3

- (-3+427) -2i <(34-27)
-

=8 -2 - 7 @ g

- : : z : 2 g X
O

-7

« (-3-21) -2 . (3-20)

point indicated on the figure. Similarly 3—2/, —3-2¢, and
—3—27 may be located as on the figure.

Each complex number may be represented by one and only
one point on the plane, and each point on the plane, not
on an axis, locates one complex number.

Exercise 220
Graph each of the following complex numbers:
1. 1—24. 2. —2-1. 3. —3+43:.
4. —1-—2i 5. —2—2i. 6. —1+ivV3.
7. —v2—iv3. 8. V3+iv2. 9., —2—-2V2.
10. —1—2;42. 11. 2VJ2—iv3. 12, — y342i43.
232. Graphical addition and subtraction of complex num-

bers.
If the point A, (3+1), and the point B, (1437), are each
connected with O and the parallelogram completed as in the



396 A SECOND COURSE IN ALGEBRA

---7C
- i
3wt /
33"[‘,4’?:\ J’
—T i
o I J
- / ~
F(\ 21+ / e 'a
\\ ,'I \\:{, 1
R s
\\ .‘J et \
-X ) sl 1 b \
O 1 2 3 N
5 \
X \
-1+ 1\ \
A \
\ \.
-2i \\ B
\ o
-3 -7
D

figure with A, O, and B as three consecutive vertices, then
the fourth vertex, C, is the graph of the complex number
4444, or the sum of 3417 and 1-43:.

Similarly, the point Z, (4—27), is the fourth vertex of the
Parallelogram of A, (3+1), 0, and D, (1—34).

The difference between two complex numbers may be
Tepresented as the fourth vertex of a parallelogram, one
diagonal of which is the line formed by connecting the point
of the minuend with 0.

If we wish to find the point determined by (1+437) — (3-+1),

We complete the parallelogram 0, A, (3+1%), and B, (1+37),
Which locates the point 7, (—2+42i).

Exercise 221
Represent graphically the Jollowing :

1. B—2)+1+49). 2. (—2—35)+(1—17).
8. (=849 —=(=2-9 4, —(—2—20)+ (—2+20).
5. (4-447)— (2—3i). 6. (V2—20)+(2—iv3).

7. (2V2-2i)—(2+2iV3).
8. —(2v3-1)+(¥3-2(y3).
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233. Graphing roots of numbers. The point as the graph
of a complex number furnishes a means for representing the
roots of numbers.

The six sixth roots of 64 are located on the circumference
of a cirele, radius 2, and are 60° of arc apart, as in the figure.

i
Solution.
2 —064=0.
Factoring, (x—2) (22+4+2z+44) (x+2) (22 —22+44) =0.
The two real roots are =2 and = —2.

Solving 22 —2x+44=0,
givesz=1+4+v —3,and x=1—+ —3.

Solving 2242z -+4 =0,
givesx=—14 v —3, and z=—1—+ —3.

These roots in the order of their location on the circle are
=2, z=14++v =38, a=—1+ vV —3, v=—2, x=—1— v —3,
and z=1— v —3.

Similarly, locate the cube roots and the square roots of
64.
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Exercise 222
Solve and locate all of the roots in each of the following:

1. 23—-27=0. 2. a2t—16=0.
3. 234-8=0. 4, 6—729=0.
5. Sa3-427=0. 6. x°+064=0.

THE INDETERMINATE FORMS

234. Zero in multiplication. It is a rule of arithmetic
that if one or more factors are zeros the product is zero; i.e.,
7-0-5=0. The same rule holds in algebra for a-b-0=0.

PR, ; 0
235. Zeroindivision. Occasionally such forms as = 6’ and

0
o are met with in algebra, especially in checking an equation
or in evaluating a fraction. For instance, if, in evaluating

x
the fraction iz, we let 2=2, the value of the fraction be-

4 ) 0 ;
comes - If we let x=—2, its value becomes "y If, in evalu-

x:—4
ating the fra.ctlon » —o e let =2, its value becomes %

0 . :
That the form P 0 is evident if it is recalled that a product

is zero only when a factor is zero, and that the dividend (the
muncrz_ttor of the fraction) is the product of the divisor (the
denominator) and the quotient (the value of the fraction).

" oW
Since the divisor is not zero the quotient must be. Therefore

9 0.
a

) a 0 . :
The forms 0 and o canhave no meaning in real numbers for
division by zero cannot be allowed. But there are occasions

s ) . i a
when it is necessary to find some interpretation for o
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236. Interpretation of§- If 5 is divided by .1, the quotient
is 50. If 5 is divided by .01 the quotient is 500, if by .001, the
quotient is 5000, if by .0001, the quotlent is aUOOO ete. In

tion f this b =
equation form this ecomesl 50, —- 01 =500, 001 5000,

.0_001
Evidently, as the denominator decreases in size the value of
the fraction increases, and, as the denominator becomes
exceedingly small, the value of the fraction becomes exceed-
ingly large.

In this series of operations the numerator, 5, remains
unchanged throughout the discussion but the denominator
changes. The numerator is said to be a constant and the
denominator a variable.

A constant is a number that retains the same value through-
out a particular mathematical discussion. A variable is a
number that changes its value in the discussion.

The limit of a variable is that constant, the difference
between which and the variable may be made to become and
remain less than any assigned positive quantity, however
small. The variable is said to approach this constant as its
limit and the symbol = is used throughout mathematics to
indicate this relation. Such an expression as x=a is to be
read ‘“‘a approaches a as its limit.”

= 50000,

- -

If the series of fractional equations'—: =350, 6)1 =500,

5
001 =5000, 5501 0001 = 50000, 55561

indefinitely in the same manner, evidently the denominator of
the left member becomes smaller and smaller and may be made
less than any assigned quantity, however small, that is, the
denominator =0. At the same time the value of the fraction

=500000, . .. is continued
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(the right member) will become larger and larger and “_"u
become and remain greater than any positive number which
may be assigned. This necessitates a new definition and a
new symbol.

If a number may become and remain greater than any
positive number that may be assigned, it is said to become
infinitely large or to become infinite ; which means unbounded
or unlimited. The symbol o is called infinity. It is not the
symbol for some number but it is the symbol that the value
of the variable exceeds all bounds.

L ’ , a TP i
Now in interpreting %’ if we replace B—L by ;zmd consider the
value of ;i as £=0, evidently & increases indefinitely and as
T
a
x =0, = becomes e,

a : o
Therefore o’ Where a is a constant, is said to have the

value « which ig equivalent to the following:

Principle. If the nuy
while the denominator
becomes « .

nerator of a fraction remains a constant,
approaches zero, the value of the fraction

The value of the fraction gg for =2 is w.

237. Interpretation of %.

. : B, B, 0¥
If we consider the series of fractions -1%, 100’ 1000’ 10000’
5 ! _ . : es

100006’ * * - @ evidently, as the denominator increas

indefinitely in the same manner, the value of the fraction
decreases indefinitely.
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Replacing % by % and assuming that x =< we have

limit @
T= o 3
proaches o is zero.”

0, which is to be read “the limit of ;ia,s x ap-

a . . .
Therefore —, where a is a constant, is said to have the
[#e]

value 0 which is equivalent to the following:

Principle. If the numerator of a fraction remains a constant
while the denominator approaches infinity, the value of the
Jraction approaches zero.

An expression involving a single variable, that becomes
indeterminate for a certain value of that variable, may be
interpreted on the plan of the following illustrative examples:

z H_,)L when £=2. Evidently, when x=2 the
T—2

1. Find the value of
value of the given fraction is 9

0

But for = not equal to 2, ZT_; =x+42. Now, .lélflgt (x-+2)=4. There-

. at—4
fore, when =2, we may give to f“v_ 5 the value 4.
2. IFind the value of =£—1—_3z;11[5 x =00,
241
For any finite value of « other than 0,
8.1 b
4rt3—1_*tzm
=1 IR
1+
3 1
s
limit i x x? 440—-0
Now, . = =4,
T =00 1 1+0
LR-Es
s
422 4+-3x—1

Therefore, when = =w, give to Ty the value 4.
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Exercise 223
ind the value of each of the following as x=0:

L ; Ans. = (See principle).
5 5.
2. oy 3. 2 Anf. 0.
x
x a? 3z
4, = 5. 53 6. prow;
Find the valye of each of the following as v == :
) x
: 3 g ¢ =l 1 & = <
7. 223, 8. - 9. Z-I—x 0 z
9 " 1 « 2

11. 2242, 12. (z+2)% 13. (;+2) ‘

Interpret each of the following:
limit x2—0

14, s A W
i (w2—7x+12) Ans. —6.

15. limit ¢ 224 52— 14 _ 16. limjt fa®—2x+4y
=2 \ 3512 T=w \224+2z-}+4
limit /a24 230 limit fa+7

17. i B L =)
$$5( r—5 ) 18. x:‘m( x* )

TRIGONOMETRIC RATIOS

238. Trigonometry deals with the ratios obtained frgm the
lengths of the sides of right triangles. The student will find
when he comes to a more complete study of the subject that

the development of its formulas requires a large use of
algebra.

B
Z -
¢ a ’
A - & . ¥
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Given any two right triangles such as ACB and X Y Z, as
in the accompanying figures, with £ A4 = 2X, we know from
a theorem of geometry that the two are mutually equiangular
and therefore similar.

BE ¥ A€ XV aBC 2¥ o
"ABTXZ AB XZ Ac-xy (Def)

Will these ratios remain equal for all rt.As having an
acute £ equal to £A47?

The constant ratio BC/AB is the sine of 4. That is,
the sine of an acute angle of a right triangle is the ratio of
the side opposite it and the hypoteriuse.

The constant ratio AC/AB is the cosine of 2 A. That
is, the cosine of an acute angle of a right triangle is the ratio
of the side adjacent and the hypotenuse.

The constant ratio BC/A C is the tangent of £A. That is,
the tangent of an acute angle of a right triangle is the ratio
of the opposite and adjacent sides.

Using a, b, and ¢ for the lengths of the three sides,

; « b a
sin A=—, cos A =—, tan 4 =+
c c b

From the definitions it will be observed,

sin B:E, cos B=a—, tan B:é.
c c a

Exercise 224

1. Show that the sine of an acute angle is equal to the
cosine of its complement.

2. Show that the sine of an acute angle is less than 1. Is
this true for the cosine? The tangent?

3. If two acute angles are unequal which will have the
greater sine? The greater cosine? The greater tangent?

4. What is the acute angle whose sine equals its cosine?
What is the tangent of this angle?
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6. Construct an equilateral triangle and one of its alti-
tudes. Using the resulting right triangles, show

; Al . 3 o .

sin 30°=5=.5, cos 30°=3'3é=.86(3, tan 30 =—l::.:)u,
2 2 V3

G o \@_ e O 1 - (YO o =90

sin 60 =-2—=.8b0, cos G0 =5=.5, tan 60°= 3= 1.732.

8

6. Construct an isosceles right triangle and show,

sin 45°=.707, cos 45°=.707, tan 45°=1.

Note. The trigonometric ratios on page 405 are correct to within
-0005. They will be used in solving right triangles having given any
side and either acute angle or any two sides. The lettering for the
following exercises is the same as that for the first figure on page 402.

7. Given A=25° ¢=30 in., find B, a, and b. Solution:
sin A=a/c, or 423=0a/30. Whence a=30(.423) =12.69 (in.)
B=65" (Why?) sin B=b/c. Whence b=27.18 in.

8. Given a=15in., b=24 in., find A, B, and ¢. Solution:
tan A =a/b=15/24=625. By referring to the table we find
the angle whose tangent is .625 is 32°. ..A=32° and
B=58. Find .

9. Given B=38, a=17 in., find A, b, and c.

10. Given b=18 ft., c=36 ft., find A, B, and a.

11. Given A=23°, ¢c=75 in., find B, a, and b.

12. Given B=43°, b=6.23 in., find A4, a, and c.

13. When the sun is 40° high the shadow of a certain tree
is 37 feet long. Find the height of the tree.

14. In order to determine the width of a river, a base lina
A € 100 feet long is measured along one bank. A point B is
found on the opposite bank so that <A CB is a right angle.
If zBAC is 73° how wide is the river?

15. In order to determine the height of a tower CB, a base
line C'A is measured along the ground 150 feet long. The
£BAC is found to be 49°. How high is the tower?
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405
Angle | sin cos tan ||Angle| sin cos tan
0° .000 1.000 .000 45° 107 07 1.000
1° 017 .| 1.000 017 46° 719 695 1.036
2° 035 999 035 47° JS31 682 1.072
3° .052 999 052 48° 743 .669 1111
4° 070 .998 070 49° NET 656 1.150
6° | .087 996 087 50° 766 643 1.192
6° | .105 095 105 51° SaTT 629 1.235
7° 122 993 123 52° 788 616 1.280
8° 139 990 141 53° | 799 .602 1.327
b .156 988 158 54° .809 588 1.376
10° 174 985 176 55° .819 574 1.428
11° 191 .982 194 56° .829 559 1.483
12° .208 978 213 57° 839 545 1.540
13° 225 974 231 58° 848 .530 1.600
14° 242 970 249 59° 897 515 1.664
15° .259 966 .268 60° | .866 .500 1.732
16° 276 961 287 61° 875 485 1.804
17° 292 956 .306 62° .883 469 1.881
18° 309 951 325 63° 891 454 1.963
19° 326 946 B4 G4° 899 438 2.050
20° 342 2940 364 65° | .906 423 2.145
21° 358 934 384 66° 914 407 2,246
22° 375 927 404 67° 021 391 2.356
23° 891 921 424 68° 927 375 2475
24°, 407 914 44D 69° | .934 358 2.605
25° 423 906 466 70° 940 342 2.747
26° 438 .899 488 71° 946 .326 2.904
27 454 891 510 72° 951 309 3.078
28° 469 883 532 73° 956 202 3.271
29° 485 875 054 74° 061 276 3.487
30° 500 .866 BST7 qop 966 259 3.732
31° 515 857 601 76° 970 242 4,011
aa° 530 848 .625 77° 974 225 4.331
33° 545 .839 649 78° 978 .208 4.705
34° 559 .829 675 79° 982 191 5.145
35° 574 .819 .700 80° 085 174 5.671
36° 588 .809 727 || 81° | .988 156 6.314
37° .602 799 754 82° .990 139 7.115
38° 616 .788 W781 83° 993 122 8.144
39° .629 JTT .810 84° 995 105 9.514
40° .643 766 .839 85° 996 .087 11.430
41° .656 755 869 86° 9976 .070 14.301
42° .669 743 900 87° D986 .052 19.081
43° 682 731 933 88° 9994 035 28.636
44° :095 :719 966 89° .9998 017 57.290
45° 707 707 1.000 90° | 1.000 .000 casows
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§ ube . Square
o) Cube 'iﬁl;g:e ﬁout I No.| Square Cube Iiuut
1 1 1 | 1.000 | 1.000 132,651 | 7.141
2 4 8 1.414 | 1.260- 140,608 | 7.211
3 9 27 | 1.732 | 1.442 148,877 | 7.280
4 16 64 | 2.000 | 1.587 || 157,464 | 7.348
5 25 125 | 2.236 | 1.710 1 166,375 | 7.416
6 36 216 | 2.449 | 1.817 7.483
7 49 343 | 2.646- 1.913-‘ § 24 5 7.550-
8 64 512 2.828 | 2.000 || 58 3,304 195,112 | 7.616-
9 81 729 | 3.000 | 2.080 | 59 | 3,481 205,379 | 7.681
10 100 1,000 | 3.162 | 2.154 || GO | 3,600 216,000 | 7.746
11 121 1,331 | 3.317-| 2.224 || 61 | 3,721 226,081 | 7.810 |[3.€
12 144 1,728 | 3.464 | 2.289 || 62 | 3,844 238,328 | 7.874 |3.
13 169 2,107 | 3.606-| 2.351 || 63 | 3,969 250,047 | 7.9037 [3.¢
14 196 2,744 | 3.742-| 2.410 || G¢ | 4,096 262,144 | 8.000 |4.
15 225 3,375 | 3.873 | 2.466 || 65 | 4,225 274,625 | 8.062 |4.
18 256 4,006 | 4.000 | 2.520-| 60 | 4,356 287,406 | 8.124 [4.
17 280 4,913 | 4.123 | 2.571 || 67 | 4,489 300,763 | 8.185 [4.
18 324 5832 | 4.243-| 2.621- 68 [ 4,624 314,432 | 8.216 [4.
19 361 6,859 | 4.359-| 2.608 || 60 | 4,761 328,500 | 8.307- [4.
20 400 8,000 | 4.472 | 2.714 || 70 | 4,900 343,000 | 8.367- [4.
21 441 9,261 | 4.583-| 2.759-{ 71 | 5,041 8 4.
22 484 10,648 | 4.690 | 2.802 || 72 | 5,18% 373,248 | 8.¢ 4.
gg 520 | 12,167 | 4.796-| 2.844-| 73 | 5,320 | 389,017 | 8. 1.
oo 576 | 13,824 | 4.809 | 2.884 || 74 | 5470 | 403224 | 8. 4.
2 625 | 15,625 | 5.000 | 2.924 || 75 | 5,625 421,875 | 8. 4.2
26 76 | 17,576 | 5.000 | 2.062 || 76 | 5,776 8.718- |4
gg 729 19,683 | 5.196 | 3.000 || 77 | 5,920 §.775 |+.:
= 784 | 21952 | 5.201 | 3.037| 78 | 6,084 474,552 | 8.832- [4.2
4] 841 | 24,380 | 5.385 | 3.072 || 79 | 6,241 493,030 | §.8588 [1.
900 | 27,000 | 5.477 | 3.107 || 80 | 6,400 | 512,000 | 8.94+ |4,
3L 961 | 29,701 | 5.568-| 3.141|/81 | © 531,441 | 9.000 |4
gg {-024 82,768 | 5.657-| 3.175-(82 | 6 551,368 | 9.035 |[4.3
Ey 1089 35,037 | 5.745-| 3.207 || 83 | © 571,787 | 9.110 [4.8
i 1,156 30,304 | 5.831 | 3.240-| 84 | 7, 502,704 | 9.165 |4.:
35 | 1,226 | 42,875 | 5.916 | 3.271 /(85 | 7 614,125 | 9.219 [4.
36 | 1,296 | 46,656 | 6.000 | 3.302-| 86 | 7 636,056 4.
37 | 1,369 | 50,653 | 6.083-| 31332 |87 | 7 655,503 4.
38 | 1444 54,872 | 6.164 | 3.362 || 88 | 7 681,472 4.4
39 | 1,521 59,319 | 6.245 | 3.391 |/ 89 | 7 704,969 4.4
40 | 1,600 | 64,006 | 6.325 | 3.420 | 90 | 8 729,000 4.4
41 1,681 68,921 6.403 | 3.448 (/01 | 8 753,571 4.4
42 | 1,764 74,088 6.481-| 3.476 | 92 | 8 778,688 4.0
43 | 1,849 79,507 | 6.557 | 3.503 || 93 | 8 804,357 4.
44 | 1,936 | 85,184 | 6.633 | 3.530 || 04 | 8 830,584 4.1
45 | 2,025 | 91,125 | 6.708 | 3.557-{| 95 | 9 857,375 4,
46 | 2,116 97,336 | 6.782 | 3.583 || 96 | 9,216 | 884,730 4.
47 | 2,200 | 103,823 | 6.856—| 3.609-{ 97 | 9,400 012,673 4.
48 | 2'304 | 110,592 | 6.928 | 3.0634 || 98 | 9,604 041,192 4.6
49 | 20401 | 117,649 | 7.000 | 3.659 || 99 | 9,801 070,299 4.
50 | 2,500 | 125,000 7.071 | 3.684 [|100 | 10,000 | 1,000,000 4.




Addition of fractions
Antilogarithm .

to find an
Axioms.

Base of logarithms

Binomial theorem
cube root by. .
exponent fractional.
exponent negative .
square root by .

Characteristic .
Circle

Coefﬁuents; arithmetical

detached.
numerical

of quadratic equatmn

Comparison of values.
Complex numbers.
graph of .

graphical addition of

Conic sections .
Conical surface
Constant

Cosine .
Cumulative review

Degree of an equation
of a polynomial.
of a term.

Detached Coeﬂ!cmut
Determinants, elements of

of the third order

solution by .
Directrix
Diseriminant

Division of fractions .

synthetic.

Ellipse .
Equations, equn alent
e\punentml

361, 399

INDEX

Page
. 270
. 316
. 319

269, 272

. 316
. 377
. 381
. 380
. 380
. 381
. 316
. 345
. 242
. 259
. 242
. 336
. 305

312, 304

. 394
. 395
. 345
. 346

. 403
. 383

. 276
. 276
. 276
. 259

282
. 286
. 281
. 345
. 334
. 271
. 261

. 345
338
. 308

Equations, fractional .
identieal . :
independent .
indeterminate

. irrational.
linear.
of condition .
quadratic
systems of

Exponents .
fractional
negative .

Zero . . .

Expression, algebl'uc

Extremes of a series .

Factor theorem
Faetors, hlthl'ltl[lZl]lg.
Focus .
Formula

Formulas

TFractions

Page

. 273

272

, 284
, 293

. 339
. 276

. 329
, 281

272

P

. 295

. 299

297

. 296
. 242
, 360

. 265
. 307
. 345
. 332
. 295

268

addition and subtraction of 270
e @ ow oz 27D

. 357

. 241
. 345

. 272
. 310
. 394

Funection
Geometrical principles

Hindoo numbers .
Hyperbola

Identity

Imaginaries
conjugate
interpretation of

Imaginary unit
interpretation of

Indeterminate forms .

Infinity . y

Laws
associative
commutative

394

. 310
« oLl
. 398
. 400

. 257

on the order of opcr.mons

407

257
257
257



408 INDEX
Psge Page
Locus A . 345 Radieals, multiplication and
Logarithms. . 316 division of . 306
application of . 323 order of . . | . 302
table of . . 320 simplification of . 302
. Rationalizing factor . 307
Mantissa . . v - 316 Remainder theorem . 265
Means, arithmetic - 367 Repeating deeimals . 372
geometrie <o« . 369 Roots, extrancous . . 338
Mem_bel_'s of an equation. . 272 lost . 338
Nlultlpll_cation of fractions . 271 principal . . 300
of radicals v . 306
Nappes. . . ) Series . 364
Nulr?bers, Arabic . gflj fnike, gy
arithmetical . . 241 infinite g - 364
5 ; infinite geometric .. 387
complex . 312, 394 aps oy
directed ' 549 _sum of 0 368, 370
Hindog Tt Signs of aggregation . . . 258
imaginar T 310 Sime.. .. ... . . 403
Irrationg " 3092 Solution by determinants . 281
litera] = | -~ " 941 of problems . .. 287
Positive and neg-ati{'e T 54p of quadratics 330, 332
rational . | 265 Surgl (e e ow e« k902
* | ) binomial quadratic. . 309
Iiﬂ»l'abola ) . 345 Symbols Bl ol . 241
1,*1}'0!1,t11£_:sis IESL, . 258 System, contradictory . 279
rincipar diagong] . 282 incompatible . 277,284
'Imeipal root, | . 300 linear. <. 217
Problems, digit . 289 of equations. o0 L 9T
lever ; . 200 simultaneous 278, 284
fixture; . 289
solution of | : . 287 Tables of logarithms . . 320
uniform motjop . . 290 of powers and roots . 406
work, . 988 of trigonometric ratios. . 405
rogressiong . 364 Tangent - 403
arithmetie .36 Terms . . . . . 242
Ecometrie . 369 Theorem, binomial . 377
Proportion, = : . 356 factor . 265
fundamentq] laws of . 356 remainder ; . 265
Quadrat; ’ Trigonometric ratios . . 402
uadratic equations . . 329 Trigonometry . . . . . 402
48 conic sections . 345 Typeform .~ . . . 243, 268
coefficients of . 336
graphing . . . 347 Variable . 399
roots of . | 334, 336 limit of . 399
simultaneous .. 349 Variables . 349
solution of 330, 332 Variation . 361
Radisels R 1. Vinculum . 258
addition and subtraction Zero in division . 398
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ANSWER BOOK TO
SECOND COURSE IN ALGEBRA

Exercise 120

1. a+0b, a—0b, ab, bE;

3 .
3z + 2y, 3& — 2y. 6zy, —;
2y

abe
abe -+ xyz, abe — xyz, abexyz,
Yz
2 xy 3. 36; 13; 35; 125.
"atb 4, See §27.
5. See § 34. 10. — a®b®.
6. See § 35, 11 el —2w'
7. — abe. See § 39. b’ b
8. 2160. T
9. — 4g?%. See §41. 1% 5 2%
18. —38a+40b; —2b+4c¢; — 2z 43y — 5z,
14. @ — 20 =3¢ — 30. 15, = —So=12-
2¢

Exercise 121

z® — bx? 4 11z -+ 12. 3. @® -+ 8a®* — 8a — 4.
— 4x® + xy — 2y 4, a—b+c—d+te
6zt — Ta® — 32:0* + 322 4 21,
6n% — 9n® 4 16n* — 36n* ++ 1Tn* — 28n 4 24,

7

SonE
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2+ oty 4y, 10 ghesll
—2* 4-10n 4 6. 11, 2n* +3n— &
2a* + 21a - 45. 12, 2z +y+2

@* —ab + b* 4 ac 4 be + ¢,

o 0o po

w o

9 b

o ke

o=

S S

Exercise 123

40*b2(3b — 4q -+ Tab).

Tmn(mn — 2m? 4 3n2),

173y (222 — 2zy L 3).

13¢°6°(2a* — 3p2 4+ 1).

1a*b*c* (1 4 2abe — 3a2b2c? + 4a°b%¢°)-

(n—4)(n—4), 4. (5m 4+ 4n) (5'""1:411).
(z43) (2 4+ 3). 5. (a4 y*)(&* +.y').2y“)-
(40 —3b) (40 — 31).6. (302 4 24°) (32 T

(Z —y) (x4 y).

(5a — 6) (Ha 4 6).

E(S'mm,2 — T2%Y*) (6mn® + Tz2y®).
T=Y—=2)(z—y4o),
@m+%-5ﬂ%+3m+m-

. )_
(n —7) (n — 8y, i {a 4b)(a‘|’5b
(33‘—5) (:c+4)_ 5: E?jS)("’I’{))ﬁ)
(m — 8n) (1 — 3n). 6. (k-4 12)(k~

(8 —2)(2a—3), ¢ (g4 30)(2r+ 7
N AF 1S
(?‘%N%+%yagﬁj—mﬂw‘
(f’l+4)('lt—-3}_ 6. (]6:5_6)(67.'”’"1 §

(a“b)(2£+3m), 4, (2a+3b)(3-"/

(aﬂ+b“)(m2——7), 5. (a+b+c)”
(“3+i’32)(a»"’—-ml). b 7



SECOND COURSE IN ALGEBRA 9

VII. 1. T(z —y)(xz—2y).3. (m—=n)*(m 4 n)=
2 alea—6)(e—3). 4 (a—10b)(a+0b)(a* 4 b?).
b, (3z — 2)(3z 4+ 2) (9z* 4 4). :

6. a(a—3)(a+3)(a—2)(a+2).

7. (z—y)(z+y)(32* + 2y°).

8. (a—b)(a-+b)(m—n)(m-+n).

9, (ea—2)(a+2)(a—35).

10. (2m — n)*(2m -+ n)*.

11, 4(xz —2)~

12. (z —y) (x+y) (@ +y*) (@ + ).

13. (a—b—z—y)*(a—b+z4y)

14, 2(2a — b)*(2a 4 b)*.

Exercise 124

1. (a—2y)(a+2y). 4, 22(2z — 3y) (2x 4 3y).
2. a*(a—2)(a+2). 6. (8 —n*)(8+a%).

3. ab(a—b)(a+0). 6. (a—4)(a+2).

7. (3z — 2y) (22 — 3y).

8. (a—2)(a+2)(4a*41).

9, (a—1)(3a-+2). 10. 3z(z — y)>

11, (a4b—38)(a+b~+3).

12. (m+n—a-+0d)(m+4+n+a—2>).

18, (x —y)(@—y—1) 16. (a—b—c)(a+b+ec).
14, a*(a — 2)= 17. (z—y)(z+y+1).
15. 5(n—3)(n—2). 18. (z —y) (z*y + zy* + 1).
19. (a—b+c)(a+4bd—c).

20. 5—2+y)(BG+z—Yy).

21, 4—a-tb)(4+a—0). :
99, (da-8y)(a+2y). 23 (¢2—5)(a*+4).
24, 3(2a — b) (2a + b) (4a® + b*).

25, (a—2)(a+2)(a—1)(a—|—1).
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26.
27.
30.
31.
32.
33.
37.

Lo O

o =

12.
13.

SECOND COURSE IN ALGEBRA

(@4+b)(14+a—1). 28. (a+b—9)(at+bd+9):
(a40)(z+y). 29. (3¢ — 5)(3a —2).
B—a)(b4a)(2—a)(2+4a). .

(ab — cd)®. 34, Byz(x —yz =

(m —n)(8m —3n). 5. 3(.r:'-'——3)(3;5‘+4)'
(a+bd)(e—b+1). 36 (a—Db—c)™

(z 4y —Ba+5b) (x + y + 4a — 4D).

Exercise 125
z=5. 4

. n=3, 6. x=4m.
n=—3. 5 z=a. 7. z =2a.
z=—3.

Exercise 126
=3, x=—2, 7. =2, #=%
.’E:O, r=1, 8. 3::1’ £C=-"&-
a=0, =4, a=1, 9, z=2, =3
r=4, r=—3, 10, z=4, z=—13
=19 :r:..l 11, ¢=2, a=—1

9 12, #=2, n=1%.

a—4 3
_3, a‘___‘z_
Exercise 127
da2h2, 4, 53 PR
25m=n2, B, oz —y. g, 5040.
a(o:—b)_ 6. a—1. 9 60(!353‘

, 2).
a(z+y)*(z—y). 11, (z —3) (z+3) (@ ™
(32 +20) (30 — 2b) (a — b) (a ).

(n—1)(n —2)(n—3),
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2a
— 2be
3a

42t

Exercise 128

a

3y
4z

Exercise 129

missing terms are:

8x*y.

a(a -+ 0).
ba(a — 2D).
—a.

n— 1.

o — 3y — 4 ——

Exercise 130

58

3z

ope
3a 4 b+

4z —{—6x—}~9—|—

2a* + 12a¢ — 3
= 2a

3a — b

9% __3'

z+y

a -+ 20
a—>b

©®ao

-

a+b

a—0b

z—2

(¢ 4+ 3)(xz—3).
150%y",
Ja(m — n)>

—(z —2)(z+y).

10.

m—n ‘

11



S
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Exercise 131

z—y 2a* 4 2b2
. 6. .
y (¢+0)(a—0b)
a* — b2

7 m*
ab n(m —n)

be L qc¢ b z—12 :
_‘—‘—Ei"‘_'. 8. L : —‘—'——‘:'_2'-5
E (¢+3)(x—3)(z
52 +y 9. .

_‘_-—‘—-_‘—!—.___-
(m‘—?f)(m—{-—y) - 3z 414 _
Lx- (z—2)(z42)
12 5

19, ar -+ 4y .

(@ —y)(z+4+y)

Exercise 132
=0 4p n 43
15 3. ‘;5‘&—5;_—?}- 5, ;L—_:"é
i 4 24qy b—c¢

. " 2550 % a—b
(zy —1) (zy + 9)

—b—2c)*
($y+3)(ﬂ:y __——2_) 9. (a ¢) .

) (ol 5 (¢ —b)(20+b)_

(e —b) G sy 10 Ba—4b) (2a+ 80)

Exercige 133
z=19, 5
z =20,

6,
Yy=—24, 4 n
n=1T7. " asta » Ll +=

s M= g b—a
n=( 8. w=—5—
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Exercise 134

3 — 2. 4, z=0, y=

2 — 2 5, m=—2, n=—2,
5 b=—3. 7. z=b, y=a.

bk —cn e — ak

y

bl

S o8 oy
[
S
I

~

=, ’ y:
bm — an bm — an

Exercise 135

Exercise 136

15 — z. 4, 10, 11, 12 6. 30, 32, 34.
9, 4. b 12, 14, 16, 18, 7. ', 6, T,18.

g, z+1, z+2 2+3; 2+1, x-+3, x4 5.

14, 15, 16. * 111, 23 14, 8, —3, 2.

7, 11, 24. 12, 11 dimes. 15, 11°, —4°, 4°
16, 31. 13. 20 in.; 13 in,

John has 25¢; James has 15¢. 17. 80°, 40°, 60°.
A, 60 years; B, 30 years. 19. 7, 23. 20, 41,

. 86, 12, 23, 11.
. 32, 24. 24, 24 persons.

; 27% min. past 5 o’clock.

1
10% min. past 8 o’clock.
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27,

28.
29,

SECOND COURSE IN ALGEBRA

10

IOH min. past 5 o’clock ;

43% min, past 5 o’clock,

10, 6. 31. 140°, 120°, 100°.
20 dimes, 32 quarters. 32. 4 per hr.

30. Apple, 3¢ orange, H¢, ;
l—a+d s
33. n= Z—}_( a.::l—-(n—-l)tf, d-=”_1
34. b=2:-l —-Q‘-B'
a

35. Auto, 24 mi. per hy,; train, 40 mi. per hr.
36. 10, 6. 40. 12 in., 7 in.
87. 6,2, —9 _ ¢ 41. 20 yods, 12 rods.
B 6in, 8in, 10 4y, g5 120 rods, 40 rods.
39. 9in, 5 iy

Exercise 137

1. —g 4 8. 7, 8

2. 0. 5. 94 8. — 16.

3. 2. 6. 325 9. 8.

Exercise 133

1. :'5_4' 6. 2m — 2n.

2. Tz 2y + 6. 7. 6x - 8y.

8. 18z — 39y _yq, 9. 35 3.

&4z —5y 4o, 10. 24 — 125 + 9c-
9. 2z — Ty — 6y -+ 3z
12, Lo 2ax —[—- a* __(U e 2,’}2 + 32)
189 —6a 4 42 _(, + 23y 4 g2y
14. m? — 24y TP g 12a - 9)
15. 25;% _ 20b:v+4b — (2542



16.

19.
20.

PR ote

1

12.

©NSe o

2
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28 — do® 4 drt — (da® — 4w 4+ 1),
' —ax(a+ b+ ¢)+ abe.
8 —z*(a+ b+ ¢)+ x(ab 4+ ac + be) - abe.

Exercise 139

a* — bt + 10¢* — 10a* + 5a — 1. 3. ¢* — 2a -+ 1.
m® 4 5m' — m* — 25, 4, m* 4+ 5m 41,
2z — 18z* 4+ 392 — 255 + o« + L.

a® — 6a’b -} 15a*b* — 20a*b* 4- 15a°0* — Gab® 4 b°.
a*—a-+1; ¢+ a1

— &7 4 45  82° — 2 — 2% — 3u* + 3z + 3.

m* — 2m* —m + 1. 10. m* — 2mn 4 4n®,

m* 4 min 4 mAn® 4 ma’ + nt;

mt — m*n + mPn? —mn® 4 nt —

m® - n’.

2n®

n - n

Exercise 140
) . 3. «f —2x+ 2.
@ —4d: a —a— 6. 4, ¢*—5a43.
1
z* - x—1; £L‘3+2‘U_l_$—|—1l

24
$3+5£2+5£+14+:§'

mé 4+ m:+Tm+ 5. 8 8a’+12¢° + 18a + 27;
472 — 6z -+ 9. 8a® — 12a* 4 18a — 27.
2z —y)—b. 10. z* — 2z 4 3.

Exercise 141

m? 4 n* + p* - 2mn + 2mp -+ 2np.
at + y* 4 2* — 2xy + 20z — 2yz.
4zt + 9y* 4 42* — 12xy — 8z 4 12yz.
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4. 9m* +4n® + 9a + 12mn -+ 18am - 1:?(ua. oy
9. 2+ ¥+ m* 4+ n® 4 2y — 2mr — 20z —
2ny -+ 2mn, G
6. z* + w4 922 4 25 4 2w — Gz + 10z — 6w
10w — 30:. 7. a —z 4+ 3y. "
8. 2m + 5n — 6p, ‘ 9. a—2b—3c—1.

Exercize 149

L@ 4 3oty 4 3uy2 e
2. 8—12¢ -+ 6a* — @*,
3. 8z° 12z%y 4 6y —+ y*,
4. 2Tm® — 542y, + 36mn* — 83,
5. 8a°b* + 124212, + 6abe® 4¢3,
6., a6 9ziy® 4 272y — 2Tys,
7. (3—z)s, 9. (2¢— 3b)%
8. (4 —5q)3, 10. (e* — 3z)°
Exercise 143
1 o =y 3. -+ 8, 5. %+ y* 4
2. 2 — yp, 4. 8a* — o 6. 8a® — 270"
7. (m T+ n) (m* — LT SRTE N £
8. (m — 1) (m? - p2) '
9 (z+1) (2 — 24 1),
10. (« "-1)(3:"'+;r+ 1),

1L (a+2) (a2 — 9, + 4y,

12. (a+ 2b) (a* — 243, + 4b2),
13. (8m —1) (9m* 4 3, +1).
14, (20 4 3r) (4p2 — iy - gy2)
15. (mn + Y) (mPn2 — muy —+ g2y,
16. (5+y)(25 — 5Y 442y,

17, (ab — xy) (a*b2 -} abury + a2y2),
18, (e4+T)(e* —Foug. 49).



19.
20.
21.
22.
23.
24,
25,
26.

S 09 2 SOZR9RES

10.
11.
12,
13.
14,
15.
16.
17
18.
19.
20.
21.
22,
24,
2b.
26.
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(@* +1)(a* —a*+1).

(5 — m*) (256 4 bm* + m?).

(2m* — 3n*) (4m* 4 6m*n* 4 9nt).

(4a® — z) (16a® + 4a*z + z7).

(zt+4+1) (2% —x* + 1)

(x* 4+ 4) (2® — 42* 4 16).

(z* — y?) (a° 4 z%y* + y4).

[ —y—2][(z —¥)*+2(z —y)+4].

Exercise 144

zt + 22y® 4yt 4. zf 4 ziyt + 98
nt 4 9m*n* 4 81lm*. 5. 256a* 4 16a* -+ 1.
16a* -+ 36a%b* -+ 81b*.

(22— +1)(z* +2z+1).
(1—ae+40a*)(1+a+a).

(ot — a®y® + y*) (2 + ay + ¥°) (=° — ay + ¥°).
(@ —a+2)(a*+a+2).

(a* — 3a 4 3) (a* 4 3a + 3).

(a* — 3ab + 5b*) (a® + 3ab + 5b7).

(z* —8x 4 1) («* 4+ 3z + 1).

(2a° — ab 4 2b?) (2¢* + ab + 2b%).

(z* — 22 4 2) (2* + 2z + 2).

(2z° — 2z + 1) (22° + 2z 4 1).

(8 — 4z + 2*) (8 + 4o + 2°).

(82 — 4z + 1) (8z* + 4z +1).

(2 — o +3) (@ 2 +1).

(2 —z —1) (2> + 2 —1).
(x2—33:—1)(-1:2-{—3;1:—-1).

(2 — 4z — 1) (2® + 4z — 1).

(at — 4z + 1) (2* + 42 4 1).

(2* — Bz + 1) (a* + 5z + 1).
(¢ — 62 4 1) (2* + 6z + 1).
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Exercise 145

(—1)(2* — 62 —6). 4 (g— 2) (a* + 2a — 16)-
(2 4+1)(z —8) (x + 2)5. (z—1)2(r —2). 3)
(6—1)(a*— 92— 9). 6. (12— 2) (st —dr—3)
(:E*g)(£+4)(-”0+1)-

(a+3) ((5"'—]—9&—-15).

(m—2) (m® — g2 2m -+ 1). ) 9).
10. (6—2)(* —30a—9). 11. (e —3)(a* —a—
12, (m — 2) (m* 4 22 + 4m* 4 5m + 34).

18, (m — 2n) (m? — g + 2n2),

14, (a--—n)(a.——371)(&—}—21:).

15. (g — 3y) (e — 2ay — 6y2).

© 0w

Exercise 146

Boat—aty g e
8 20 ahy L gy gy + 2y 4 ayt -y
L &y TY* — adyt | g Tyt —+ y°
O {2 —2) (ot {95 4 40 + 82 4 16).
6. (24-8) (2+ — gpn + 92¢ — 27, 4 81),
A X S T ety
8. (a -+ b) (a2 — ab + b'.') (a® — a’b? + b%).
9. (a® 4 o) (gs _ ab? 4 po),
10. (a* 4 9) (¢* — 5g2 -i- 25).
Exercise 147
L (x— 2) (2* 2 4 4) (2 49 = 2r 4 4).
2. (2* 4 4) (g4 _ g0 + 1(6).+ f
3. (2 +4) (40 _ 4z’ 4 16).
L (@ 4yt (s — Tyt 4 g8y
5

(= y) (a2 gy o )z +y) (22 — ey +¥*)
(2 + y?) (24 — 2% + 9,

6. (a—y)(a+tqy)



7.
9.
10.
11,
13.
14,
~16,
16.
18.
19.
20.
22.
23.
25.
26.
27,
28.
29.
30.
31.
32.
33.
34.
35.
37.
38.
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(zy +16) (2y +1). 8. (y—x—1)(y+=z+1).
(xy — 5 — 3z) (xy — 5 + 32).

(2 —2r — 1) (z° + 22 — 1) (z* 4 62* 4 1).
(c+y)(z—y+1). 12. (x4 1)(* —2z+5).
(22 — 2z 4+ 3) (2 + 2x 4 3).

(2 — 8x + 3) (x* + 3x 4 3).

(2* + 5y) (x* — by + 25¢°).

(z — 5) (x* — 10z — 50). 17. (5z* — 6) (22* —1T).
(a® — 4b) (a* 4 4a*b 4 160°).

3(5ab — 6ed) (5ab + Ged).

(z —y)(@* Fay+y*+1). 21 (c41)(e*+1).
(z* — 2x* 4 2) (z* + 2% + 2).

(2z—1)(x4+2). 24 (a+2)(e* —3a+1).
(672 — 3r — 1) (6r* 4+ 3r —1).

(5m — 2) (25m* — 20m 4 1).

(b — 6) (2w 4+ 3).

(¢ 4+ 1) (abx* — abx 4 ab 4 1).

(m — n) (m -+ n 4+ m* 4 mn +n*).

(a —b)(a+0b)(a*+0b*—1).

(y 4 1) (aby* — aby + ab +1).

Ta(ax + 3) (ax +4).

(m —n—12) (m —n -4 3).

(@4 b) (¢ — @b + a'b* — a*b® + a*b* — ab® 4 b®).
(a +2)*(2a —1). 36. (y-+1)(y"—43).

(z —1) (x4 1) (3z* 4 11r* 4 3).

[a® — 0% 4+ 2] [(a* +1)* + (a® + 1)(0*—1) +

(0" —1)2]. 89. (0o —y)(@* + oy +y°) (e + 2% + ).

Exercise 148

(1 —z)(2—2)(z—3),
—(1— x)(r—2)(r— 3), ete.

—_— ‘L' S Jt‘
ete.

- ’ > -2
a — 2b 20 — «
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b—a a—Db b—a

& d—e¢’” d—¢’ c¢c—d
b—c¢ ¢c—Db c—b A
5. v — )
(b—a)(c—a) (b—a)(a—c) (a—b)(c
L == B
6. ¢ L : e __.——-—-—'(1—5:
(c—a)(c—D)(a—d) (¢ —a)(b —c)(d—
a—b b—ua
— B e - )
(@—c)(e—b)(d—a)’ (c—a) (b —¢) (a—2)
b—a b —a
T N
(Q—C)(C—b)(ft—d'}’ (a—c)(b—r)(fl"'a')
b—a
el T el I
(c—a)(c—b)(d—a)
Exercise 149
1 - 2
1, : z* +ay+ ¥
PtatyE * ot oty + oty -HfJ"’”
g5 Bigs 4ot — 20 41
S e
3 2t L G-ne+w
T _ﬁ:ﬁ&iﬂ)__ 8 b—o—~d
P+ W L Ll g "@—o—10

9, — T oYL
¥ — B _,]y_{:—rm.
10 -0 +%
—2a(b —¢ )‘i‘m



1 248 zy?
"Bty oy " a4 xy + 9P
9. zt — bu® —ti)_ " x® +_34
.L.:_i_‘[. e ~) J+1
9ps
5. a* — a®b 4 a*b* — ab’ +b—n+b
x4 T B 41
QR B R e
8. a® —ab+4 b —— —rab—i—b-
)b
9 o+ ac+ a'c? —|—ac“—l—o‘-|—ric.
Exercise 151
1 3z — 3z — 17 6. 0.
" e B By —) 7 2(a 1)
—z—0 a*+a—+1
B (z+1)(x—1) : — 2a* + 62425
15 (a43)(a—3)
s W gl
(a—1)(a—4)(c—2) o
5l 0-
Exercise 152
2. 1. 8 (a,_m_l__b)z l
3 y(z*+3zy+9)  2(a+b+2)(b+2z—a)
' (z +9)* g Lol
4 (a-+4Db)(a—0). a
40* P
6. — 2 () e b .
(rr—}—b)(u—b) CENE
a1t — a*
7, —
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Exercise 150

u:.'
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Exercise 153

H=2 6, z=9 13. z= . 18. z=6.
z=T, T.z=1. 14, ;=3 19. #=19.
B=11. 8. z=8. 15. z=—13, 20. =23
z=4. 9o w=1. 16, z-3 22. r=1
r=2 10. z=3. 17, m=§ 23. r=9a
4a + 3h 9 — 2 at — 0%
—M' = ) 25 J::T
m? 2a — 3b
¢=—H— 27 r=a* -} 29. 30— 2b
Exercise 154
C Y-yl 51 51
R — 8k gy g B et — g
19, —27, 5y 6. 11, 10, — 9, 114.
O’—ﬁl’__ﬁ" D;: w-l-2
& —3)(z —9) (4 1),
TR, @ @ty):—9(a4y)+1.
Exercise 155
2=, y =4, 8 z=1 y=—3%.
B=S; =, 9. R=4, r=—2.
B=8, b=y, 10. a:.',,,?):—:}-
m:§, 11:_1. 11, m=4, n=—4%.
2 2 12. .C:G,y:—g.
,JL':§ y:%. 13. r=4, y="T.
2 2 14, =T, y=38.
r=2, y=3. 15, r=0, y=12.
r=__ & . 7
s »Y ¥ 16. m:i?, Y=g



17.
18.
19.
20.
23.
24,
25.
26.
27.
28.
29.
30.

13.
14,

o N

Ot 00 I
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z=2, y=1

Their graphs are the same.
Their graphs are parallel.
r=—1, y:—‘.!.

&r= 12, Y= 26. 31.
&€= 5, Y= 1. 392.
z=15, y=25. 33,

x=4500, y=1000.

z=a-+40b, y=a—b., 34 =z

x=b, y¥=rc.
c=mn, y=—m —mn., 35,
_’,U:—l, UZO.

[\v]
o

21. ==

-

I

|
rol o

]
»
I

u
=
1l
ol

w WM |
Q
o

=
co |l

I
VS

8 8§ §
1

sl L]
]
il

be @
I

2
y: .
n—m

=m‘—}—n’
1
rT=—, Yy=—
b i

-

Exercise 1566

— 1. b. ad — be.
— 10. 6. 14a* -+ 120%.

— 8. 7. @.
z=—2, y=2. 15,
& ] 16.
s L 17,
r=—2 y=—2. 18.
3 il 19.
BEGIYTTE 20.

z=1, y=—1, 2=3. 6.
z=60, y=60, 2=20. 7.
1,:1,-‘1]:2,2:3. 8.
x=3% y=13, 2=54. 9
a=85, b=3} c=3. i

10.

8. — 2a%*b*
9. — &t 4 2y~

10. a* + 9ab — 502,

L=, =2,
.‘?.I=1, y:2.
r=—1, y=—1
=12, y=8.
x=20, y=15.
=33, y=44.



2. 3L 3. 12. 4. 0. 5. 440 — 30-
6. @+ b® —a*b —ab®. 10 x=—2,y=(}z:
T. o=19=2; z=3. 11. ;u=3,y='10"’“" 5
8. =3, y=—2, 2=5. 1 oo g
’ H e e B B)
9, G/=2,b ‘—3,025. 12. = 3,3] g
Exercise 152 L
1, 15da. 2. 15 hr,, 30 hr. 3. 6 hr, 8 b1y 129 :
—1b.
4. 12 hr.; 10 hr., 15hr.; empty in 60 hr. 5. 19
. 951.
6. 8 liters, 12 liters. 7. 10 qt. 8. 5T i f;o
10, 5 hy. 11, 40 mi. 12. 15 min. 13 g.hl'-
14, 4 ft. from fulerum. 15. 34 qt. 16. 12 hr., 60 1.
17. 1920 Ib., 80 1b. 18. 36. 19. 47,200
20. $9,200, $2,800. 21, 88%, 70%. 22. 3,600 oo o
23. 750 Ib. 25. 10 hr., 12 hry
5 1b.
24. 90591}). 26. 54—'“).. 36
11 27. 325. ' il
28. $10,080, $8,640. 29. 30 min. 30. 52. ,

32,

T O O 0. ks
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Exercise 158

6 07
60¢, 45¢. 33. 25 b, 35 1b. 34, 48.36. 9 0%

Exercise 160 oS
9.8 2.dNe. 5. 6 ¢ 13; 37 eans, B

Exercise 161

as, 8. am. 15. ab.
a*m, 9. g, 16. Sbc
boe, 10. am*npz. 17. s.3% b"
10,000,000, 11, gneepniz, 18. SII""
mab, 12, 85.95 19. abe-
a:ne, 13, 9:.3¢.510, 20, ‘x"Y%"

e
qmne, 14, qinehine, 21- o



L

17.
18,
25.

10.

11,
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Exercise 162

25

as. 3. 32a°. 5. (az —by)®. 7. 10.
a*c? 4, 1. 6. 29. 8. 161.
Exercise 163

L 6. e A 12. .55!!(1‘ T8
3b z(a— D) 4 zy g
bd 12a%c? Ty

s g — . 13. .

ac (z —y)° 2r+y

2 10, ¥ & 14, _.__ili____
ab Yy —x 9a* + 3ab -+ b*
i R A 26, =

6b° 4ty 49

. 19. 4. 23. 3zy(z — y).
+. 21. 3-2-zym->. 24, 2¢(b — )2,
3(z —y)-=. 26. (a—Db)*(m* 4 ma 4 n*)-1,

Exercise 164
1 2 1 1 3
T R o il
2 my o Y T z: =z
: 1 1

LTl G LI

@ oy ay Y @

1 3 3 1 6 IR 1

@ ab | ab® b “xt lay e

1 1 1 1 1 1 1 1
e Y S e e
w2 i s a a’b  a*b ab b
1 Ao y° z°
i L ey 12, — — 3y* 4 32 — —-
= g;+ 12 T + oz 5

8 18

Laghaliing failt ot g Ry
x® T a a

1 4 G A d b a?
i e AR P45 o) T eyl

ot b ar 2 T VI, 1 4 at o b2
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34,

S ® NopwE

=

N e WP

SECOND COURSE IN ALGEBRA

Exercise 165

2%, 12. 4, 21 —~/c.
"_}‘ J—
3% 13, 3(a--b)= 22, ~a™.
2a?, 34 TR
14, 238, 24, /9a*b%
3ad., 15, 238, -
) 3 . 8 25. 3ab ¥y 3ab-
ak. 17, 3*(a + )= —
5 4 27, 2V xys-
3(e+0)" 18, (m— n)e, .
) . . Wty
3yl 20. VL. 28. v/
\/QE 35. S\E/TZ
£r \/b
1 X 37. 2az-tyh.
\/a’—gb 38. Sa'ﬁb((t—l—b)_E' 5
=3
Viety)r 39. 2.3-1ab- (s —¥)
\a/“? 40. abe(a -+ 0)7*
b~ ) a1, 222z +)
Exercise 166 .
3. 11, 4. 19. . 81. 16
8. 12. 32, 20. 4. 32. 21
27. 13 3 21. 1 gy, o
32. 1 22. 1000. 4
o 14, —.
3z 25 23, 1.5. 34. 4
1. 15 18 24, 3. 35. 1
243 16, 39 25. 4. -
& 1T 5 2 55 ¥ F
2. 18, 5. 30, 4.

3g. 576V%



NS ol DR

30.

31

34.

B

e o ®

SKCOND COURSE IN ALGEBRA 2
Exercise 167
¥6. 8. 5¥2. 15. 3V/3. 24, 1B,
5. 9. 2a. 17. 2¥/2.  25. }¥/T6.
.6, 10. 3¢¥3aln. 18, 2VS. 26, —vioa-
- LI - d da
V¥5. 11, 2xy¥Ty. 19. H\/10. OO
pa e g 27. —V4a.
9B 1% T8 20. 3\/(:1). e
/3. 18. 28, 9 oo | AB W 2abs.
. = 22, ._\:]/[)'ilz. r —
3¥2. 14. 8V2. 3a 29. ST\V4J-y.
I y
23. V4.
S gl T TS S
a4 b. 32. Y 2
a—]—b\/ == m.—|—n\/a (m 4 n)=,
1
a -+ b\/a(a—|—l L 33. 2 — oo
Ty p— ) 36. Gi\/'?-;. 37. V36v'x.
T
Exercise 168
815. 5. .659 9. 22.624.  13. 26.46.
731 6. .268. 10. 7.56. 14. 7.935.
894, 7. 1764 A1, 11819, 1 16 128,
.909. 8. .43T. 12. 17.888.  16. .318.
Exercise 169
H2, 7. 18%/8, 11, — 16595
6\/3. 8. —1v/3. ' 12. 6av/a.
3v6. 9. V6.
83, 10. 4V4.

=1



14,

2. 2%, 8. T -duty/2:\/y.

3. Vet 9. ©—2v/zy +¥.

4. 3Wa. 10, oz + 3ayy + SyVE 24

B. 2u/a. 1L o —2vayy + Vv

6. 2Va. 12. o\ — 309y 4+ /e VY Y

7z . . 4af — 1242t

7. 9a¥b2, ii aa_ 3013?_2;_ :;:ib—- pi

16. a\/x 4+ iy, 18, Vot — Vay + o
16. z® — ¢, =

CAeEAR 19. \/z+ V-
17. \/z 4+ /.
Exercise 172 \/'Eb{

4. V2. 5 2 6 Wi 7. a

9. Vdah, 10. /3255 12. \/7 +VE
13. 2v/3 4+ 3v/2. 14 /@ /b

o B W N E

SECOND COURSE IN ALGEBRA

a-+b—2ab

=l 15. (a -+ h):y}T:TT
Exercise 170 .
ya 6. 3> Wi > 93> WP
e 7. 392 > Y2880 > 2VH
V7> VI8 8. 2\/3 > /1700 > 2\'?_5"
W9 > /7. 9. 4/10 > 51/2 > 2V6:

V20 > /50 > /7.

Exercise 171
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(V3 +V2+1Ve
(Va+ Vb —c)(a—b— ¢ —2c\/b).
Exercise 173
A2 T: /2a%. 325
VI 8. 2936, s
7 L 1%, BB,
T T 13. 2(\/3 +1).
VI 10. /2. 14 T— /27
3—6v2+VE—4H/3 A 5V6—6
3 19
\/Z s JBE 21. 12 — 5\/6.
ab—(b+aVa (V34+V2—VB)VE
b* - ab + @* 2
T(V6+V2) 93. (142 —V3)V2.
2 (va+\/b —/a+ b)\/ab
9

11,

v/14 4 3. i 2

Exercise 174

Bl g g A1 bbip =8 J1 SR 6
10. z=¢. 17, z=—2. % % el

4.0 24, =01,

18, ¥=7.3 .95 g=8
19.

r=4.
30, wLagll 20 Ao
T=g1

21 oL 27, a=+%.

8 8

=)

e e DO| oo OO0 00

11. =
12, =
13. =
14, =z

2
I
ol

0

inn

| e

8B 8 &8

1l
o
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Exercise 175

VB—VE b aB—/E 9. \2a+ /30
Vi—1 6 \B4+v3 100 1— V2
3—VE T 5=~/ 11, 3 — /5.
VE—VE 8 va—b, 12 a4V

Exercise 176

6iv/3 — 3. 4 —3¢. B 131/2+ TV
18iV/2 — 5in/3. 8. (2ai+ 2i43a*)V&
2TiV/6 — 5in/5. 9. (3ri — Tai 4 6a*r*) VP
— 9. — 9b.

_ 14 —ai/ape, 18 AT
R i 1o — T4V

d — . — ba-mn . & —

2TV2. 16. abed. 20. Tiv/Z — EAVES
6/6. 17, 9 21. 154.
IO 2VE oI+ oy
_a-_b—c—s)—z\/ﬁ_g\/ﬁ—z\/b’c'
- 6\/“;{- 6\/B + 6v/c s
—HVE B —oinjar g6 BHVTZ
(Vb + biv/a) 28, — 1.} /55,

hi— g ' e

T 31, 3—+/—5.

8 —2y/—2. 34, 0 35. Yes.
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Exercise /‘177
1. 22—z —2. 6. a3 —2at — 2, 12, 4.27.
2. 2¢* — 3ab — 2b*. 7. 308 — 2% — 3. 13. 8070.
3. 2a -4 3b — be. 8. 2n'—3 4 2n. 14, 1836,
4, * — a3 9. 225, 15. 6.245,
5 3a* a 1 10. 373. 16. 1.414.
T4 11 8023, 17. 2.646.
18. 5.413. 21, 6n~* — T — n~* — 140! — 8.
19. 18.388. ‘29, 2a} — Ta | "af — 4ad — 10.
20. .943. 23. 2zf — 2% + 221 — 3.
24, /3. 25. 6\/5. 26. 1 —+/3.
5 4+ T—2v10 =
a7, BVOE3V 3+ ey ek R
o T o mAn? 33. 0.
B Ry o T 84 19.799.
30. 2./15. 39, ab(a+b). 38b. .732.
— 4927 —_ e
36. _&._fl. 5 80, BT,
87. V6 —V3. A0
38, '\/m +n+m—mn 41 6.
' 42, Yes.

Exercise 178

1 1T=18s 3 3
9, P | 7. z=— E 11. $=§'
3. t=—3 9. z=—2. 12. z=%.
4, z=—2, 10, z=—23. 13. z=—2.
6. =2 14, «=4,
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Exercise 179

log 299 = 2.4757. 8. log 500 = 2.6990.
log 425 = 2.6284. 9. log 852 = 2.9304.
log 755 = 2.8779. 10. log 102 = 2.0086.
log 333 = 2.5224. 11. log 771 =2.8871.
log 129 = 2.1106. 12. log 101 = 2.0043.

log 999 = 2.9996.

Exercise 180

2 4 9.----—10. 7. 5. 10. 3.
i 6. 8.-:—-10. 8 4 11 1. _apt
0. b e, 9. 8 1 L

9.
log 57700 =4.7612, 17. log 3580000:6.53385'
log 4590 = 3.6618. 18. log 93000000 =T7-

log .00577="7.7612 — 10. 19. log 5280 = 8.7226-

log .00004 = 5.6001 — 10.
log .000000435 = 3.6385 — 10.

Exercise 181

o8, 8.3070. 5 oom8. T2 .
200000. 4. 0755, 6, 755, - 8. 9980000

Exercise 182

log44.45=1.6479. 8. 1044188 = 0.6220. 5
log234.7=2.3705. 9, 105 3195 = 9.4949 — 10- 10.
log 125800 =5.0997. 10. 1og 0007224 = 6.8587 —

log .002755 = 7.4401 — 10,
log 3.141=04970. 11, 10g 6666 = 3.8239-
log 9990 =3.9996. 12, 1og 1728 = 3.2375.
log 7926 =3.8991. 13, 10p 1.732 = 0.2385.
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Exercise 183

357.7. 5. .6666. 9. .0007345. 13. .002983.
4556. 6. 1728. 10. 986.8. 14. 3980000.
85.2. 7. 1.982. ,11. .1258.
3.141. 8. 31.62. 12. 5455.

Exercise 184

8760. 6. 2.646. 11. 2.632. 16. 3.339.
7465 7. 331800. 12. .0000004768. 17. 1195.
500. 8. .0006141. 13. 2.987. 18. 1.005.
6.042. 9, .12. 14, .1913. 19. 5.311.
1.442, 10, 1.653. 15. 14.91. 20, .2378.
Exercise 186

500 seconds. 2. 46940000000000 miles.
1760000000000000 miles. 4, $6,692. 5. $6,714.
$193.60. 7. 11.9 years, 8. 11.75 years.

6.96 years. 10. $7,446.60. 11, $7,473.30.
1963.5 square inches. 26. 2601-10% eubic miles.

6.77 inches. 97. 34-10' cubic miles.
62.35 square inches. 28. 9198-10° pounds.
176.1 square inches. 29. 130700.

498.8 square inches. 30. 26400.

8.485 inches. 31, 194.4 square inches,
7.445 inches. 32. 7.615 acres.

6.443 inches. ] 33. 18.18 inches.

1956.6 square inches. 33, 18.23 inches.
197000000 square miles. 34, 110.2 pounds.
93610 square miles. 35. 104.9 pounds.
3.385 inches. 36. 1527 cubic inches.
7938 cubic inches. 37. 1204 pounds.

7.443 inches.
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Exercise 187

ﬂ":5’ 3‘,‘:—-5. 7_ .L'——-O, _(_:9, .L=_9
@=3, a=4 3 2 3
. £ == g =—
:13:8, J,':d t 3 2
7 7 : 1
3 J
£ =— G = R o
9’ 9 9 n=o, n= 3

r=9 r=—6.

y gy

10, 220

: 11, v=0, w=4g, a=1,
PEHE=—2 221,521 15 . 9p 4 20=0.
435 —18= 0. 17, & —gp— bz s gly=0s
“ 4924 14=0, 15 2* + b — cx — be=0.
V20— 360, 15 g5 op, . e + 6bc=0
* 4 Sar — 4br — 124p = 0 22, 942 3z — =il

82% +-Tr _ G, 1D

6% 4 134 1 6=0, §3, et 2\/14a.

3n? - e gy 34. «* 4- 8a - 16.

gf z f 11‘1': 115 :0_ 0 3; " _—F 10j+ 25.

202 “- -lf : " ’.f ‘.)‘ - 36. 9¢° — 6a -+ 1. ;

=45 o o + aa =10, 37 2 + 12ar + 36a.
3 38. 4u* — 120 + 9

e 39, 4 4 u+ 1.

40. 4q* — 2ab + 1b*

2
.

L= g O = D646 41, Dzt — 3o + 4
r =+ 1.9365. 42, 94 — 3a -+ #-
2ab 16 g
gt 22, 43, 2o L0y + 16
3 9 3

Exercige 188
n=4, n=—10,

3, $:9, x:——z.
=10, ¢=9,

4, n=5 n=—2=8.
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5 11. «=1.535, a=— .869.
a}:—-g’ '.l:r_—’_'].. 17
12, z=1, 2= — —
a=3%, a=—2. 5
5 2 13. z=1.193, z=-- 4.193.
(L:L;,(f:——g- 14, r=3, I='_JETE-
r= — 1.586, = —4.414, 15. n=1, n=—3.
a=9.243, a=.75T. — A
n=1.189, ;a_”’§523. 16 @=gyps—d
Exercise 189
3 T
a=—, a=—3 5, n—-—— n=—1
2 3
Lol RS 1 6. n=2430, n=— 1.097.
WSGa = e 7. a=1, a=—4.
3 8 n=%§ n=—1
=Gy D 9. z=1.386, z=— 2.886.
m @ 10. "= =.7015, & =—>5.7015.
r=% =—z.

Exercise 190

z=1, z=3%. 9. ¢=.85 a=—2.35.
z=1, e=—1. 10. a=.907, a=—2.513.
z=% w=—1 11, a=—14, R
w:;?,L=~j 12, n=—2, s
a-=;r a=—1
—3+=\/—=T

5 9 14, == 2\/
n=—, n=—
n=g;
z=3, =—3 15. 73_3:':\/_‘

et -4
L 16. a=— 2764, a=— 1236
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B 128
12:-—4\/_. 19. -L’:_.l: .L':_'—__L)_.f

:C:—Si\/—s‘ 9:3—_#-\/—3
2 : 2
£ B - i
=1, z=—1, z= : ,)\/ 3:1’:"—_5_——.—_
Sl a ) 80 5
T=—— gp=_. P — gy BT
o’ Py He S :
i 0 50 20
r=2g, £=— —. 3l. z= = TET gy
5a at?
T=—, z=—2q, 32. w=ua, ’U=T-
lasn 7
T= 5 =1 33. z=mn, H= =
2 g 3 o
332_"', s — = i p=—g Al
3’ "2, e T
Exercise 191
Roots are real, rational, and unequal.
Roots are real, rational, and equal.
Roots are real, rational, and unequal.
Roots are

real, irrational, and unequal.
Roots are. imaginary,

Roots are imaginary,
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. k=25, 8. k=12, k=—12. 9. m=4.
. m=4. 13. m is greater than }.
=3i\/5_ 14, J_:i_’—__--\/_—f.
2 2
=1i\/—11. 15, J:z—li\/—ll_
2 2
Exercise 192
x® — 2z — 15=0. 10, 2>+ 52} T7=0.
24+ 11z 4 28=0. 11. Yes.
3z —Te — 6=0. 12. Yes.
62* — 25z + 24=0. 13. k=—20, z=—10.
z* — 64 2=0. 14, n=2 z=1.
2* — To 4+ 11=0. 10 m=H, k=9

9x* 4 30z + 22=0. 16. m =13, n=40.
427 — 16z + 19=0. 17. z=4;, 2=T, k=28.
4z* — 120 4+ 11=0. 18. z=3, =6, k=18,

Exercise 193

z=5. 5. n=>5. 9. z=%, 2=—3.
G=3, a=—1 6 =5 10. x=—4, a=—28.
n=2. 7. a=1 11, 'z=—8.
=T, x=15. 8. z=T7. 12, z=2n.
Exercise 194
—3+3/—3
. =3, r= g
2
L7 2-\/33

. x=3, &=

4
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1+v-3 -1
== , =
2
Trdy ==l =k B
a=2, ﬂ'-=—-—2, = —1-

=
]
8]
02 (]

2
[}
]
<Y
1
|
o)

IN ALGEBRA

+ V=3
)
\/—3, (L:li\/—'s

10, z=¥9, z=1.
11, a=6.

x=4096 i
=3, r=4, 12, ¢=1, a=—4
ﬂ::ii\i,_g -L=_3+\/5
2 7 B)
p= Y T£1L o= =TTk I
2 v B)
x=3+-\/—'7 lz_gi.\/_f?
4 ’ 1
mz".]ir =4, 9
3 22 19, x=—, z=—19
x:-é’ x:-l.).. 19
Ly 31
x:l,x:g,le 20 xzﬁ,x:——]g
Exercise 195

and 10, — 10 anq — 9.
9, 6, and 1, -7 —¢
18 rods, 10 rods,

4 hays.

— 13/ Fa

2. Tand 9, —9 and —

,and —5. 4 9 and 1k
74

7. 4 and 6. .
8. 9 and 3, 16 and

T4k
5 Elnd I __ 1 =+ .:,/r_—’d_—

1.
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SECOND COURSE IN ALGEBRA 39

5, 6, 7, and 8. 11. 32 rods wide and 40 rods long.
8 and 64, — 9 and 81.

Side 10 inches, hypotenuse 26 inches.

3 inches and 14 inches. 15. 9 hoys.

3 =\/Y+ 8d

g

100°, 53°, and 27°. 18, 81°, 108°, 75°, and 96°.
Altitude, 10.392 in.  Area, 62.352 sq. in.

Its foot is 10 ft. from the wall and its top rests
ft. from the ground.

10.76 in. and 8.784 in.

3 seconds. 23. 2.18 seconds.
Altitude, 6 in. Bases, 6 and 10 in.

12 in. and 18 in.

36. 27, 20 sheep. 28. 6 yards. 29. 5 rods.

n=8. n=

Exercise 198

*- cn

When z=5, y=4; when z=4, y=

When a=4, b=3; when =3, b=

When m=17, n=2.

When =6, y=—3; when 2=—3, y=6.
r=2

When =2, y=1; when =1, y=2.
When z=2, y=1; when x—g y_%
When =3, y=—1; when J,—5, Yy=—2,
When =2, y=3; when =9, y=— 4.
‘When z=3, y=—1; when ng, y=—2,

When =6, y=2; when =0, y=— 2,

. When z=1, y=3; when =3, y=1.

When 2=+ 9, y==+3.
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y . T
When r=+3, y==2; when r==2, y
When &=+ 4, y==+5;

when == 3\/3, y=+ V3.
When =+ 1, y=+ 2

13 — 2
when » =+ m\/ _"TE
When T==%3, y=

=9
When r= 47, y==3;

\\chnJ——*—Q\,—-l,J_—]l\/T:_]:—
When =3,

n=2; when m=2, n=3;
when m=—3 4 V3, n=—3 = Va.
When G=+2 h==+1; —T
iGIE Y oy, RN, . PO 0
when ¢ = -i—\iliﬁ)__\i—ﬁ} y b= _,7_\/,73,_————'
See answers for No, 18.
When =4 Y=3; when +=3, y=4;
—9+£vV—31 _g~+—31

when L=—0 " vV - Y=————

9 : 2

2 3
When =23 y=—1; when g=—2 y== 2
When = 3, b=1; when e=1, b=—3.
When a=2, b=1.
When .z = 4, y= 3; when =3, y= 08
When = Za = 1: when e 1 ?’:'__4,
When & =44 Y=+8; when z=+ 3, Y=
When m=g = =/ L = 1.
When r=3, $=2; when red §=9,
When » =2, y=3,

When m= 3, , - ® 2; when m==2, #==
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When a==+1, b==+2; when a==+ 2, b=« 1,

When a==+ 2, b==+ 3;
when a=i-5,-'t\/Eb_— /14,

When =2, y==5; when z=—4, y==+/—11.

When a=-+45, b=+ 2;
when a:i\/g—l, b:i\/§+1;
when a=—2, b=—5.
When ==+ 2, y==3.
When z==+3, y== 2.
When =2, y=1 and — 2;
when z=—3, y=1 and — 2.

9. 1
‘When =2, y=—2; when a::-—é, y:a-
When R=4, r=1;

—2+v3
—s ot
When =6, y=3; when 2=—3, y=—6.
When =15, y=4; when z=—4, y=—15.
When z==+4, y==+2.
When .'1:=i20, y=i10.
When z==+3, y==1;

when z= %\/ 2-_;——-—4\/ 2.

when I = =—2i\/3_.-

.|_

When a==+2, b==+1; when a==+1, b=+ 2.
When z==+2, y==+1; when s==+1, y==2,
When ¢==+ 1T, b==+5; when a==+5, b==T.
When ¢=1, b=3%; when a=3, b=1

When z==+0, y==+=(a — D).
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Exercise 199
: —oh
1. 5 and —3, 3. 5and 3, or — 3 and
7 9 - 16 inches.
2. 4 and 3, also ~5 and =5 4. 5 by 16 inc
¢+V20 — g2 a——\/m_
5. T =2
6. 7 and 9, —5 and -1,
= VI29 — 3 += /129 4 3
e i) and — ¥ .
: . 2.
4and 3. g 3 with 1 op — 2, —4 with 1 o1 ;
9 5 by 12, inches, 19, g4, 11. 5 and (;-n
% 1.
12, 7 anq 1108 — 1 ang 13. 13. 24 in. and lles
.o inches.
14,9 boys each Paying §4. 17, 58.776 square {“ches_
15. 40 miles, 10 hours, 18. 34.195 square 1n
16. 5% in,, 81 i, 19. 48 ft.
2, 4_12‘3_)1/3" i@_zb_lwa_b_
21, Length of wire 50 ft., height of pole 48 ft.
Exercise 200
2 a B
1- ’ 5. m‘—j-—y_ 8. _:(-i'
2. f’:‘" r == c o
3. g- a _I_ b 7z — y:___/y
4 & ‘ ﬁm e 3y z+
. 3 2 Adgcs az c? .
Ta 7. (x Y2) (x4 v). 10. -
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z_a 15, z == 16. 20, z=0.

y [ 5 T e

2£;°=7 ‘33 R (o 22. = 3\/3.
—9r 18, =38, z=5 =

20 2 TED =0 98, 4 1A

aft ekd 9, p-rEVE % =wb

=4, 2

+=(a 4 b)\/a—b.

= (m — u)\/(m* 4 mn 4+ 0*) (m 4 n) (m* 4 2*).

& n 28 a—2Db L-—]—:L+1

my gt —g —|—1 a-t+Db

z=5. 30. ==+ 4/3.

Exercise 201

25. 2, 45 miles. 3. 270 miles, 360 miles.
294 feet. 5. 40 miles, 60 miles. 6. $12, $18.
12 inches, 14 inches. 8. 24, 36, and 48 inches.

125 feet. 10. 6 inches, 9 inches.
ab ac ab be
—— and ; of b, d ;
Of(z,b+can b+c,0 e an PRt
C be
: d .
of c,a_’_ban T
Of 16, 194 in. and 11690 in.; of 18, 8 in. and 10 in.;
180
of 20, — 160 — in. and — in.
17
831 feet. 14, 6% feet and 91 feet.
120 Ibs. 16. 13 feet. 17. 840 miles.

16.916, 20.712, and 25.373 inches.  19. 100 feet.



20.
23.
25.

27,
28.

?“9’9“!*’*5‘3

10.
11.

SECOND COURSE IN ALGEBRA

128 sq. in. 21, 1:3. 99. 90 inches.
3 inches, 27 inches. 24, 7 inches. .
3.056 inches, 4.944 inches.  26. 4 and 16 inches.
6 and 12 inches. 29. $800, $1,000, and $1,200.

294 sq. in, 30. 10\/2, 41/2.
Exercise 202

4 .
z=4%. 3. Constant f—:?" v;u‘iable 73 577:4.1888

18. 6. d=Fkt?, L=16.

p=kav. T, 4\/2 or 5656 ft. 4/5 or 8.944 Tt
80 Ibs. 311 Ibs.

1,656 miles. 11, Yes. Safe load is 1663 1bs
500 1bs, 12. 1,041% 1bs. 1,800 lbs.

400 centimeters, 1 ,600 centimeters, 25 centimeters:
07 seconds, .9 seconds, 3.162 Hl,LOl]dS

Exercise 204

3+4+5+6+ 3. 34 813+18
2

_1‘—+0+—+h

2+9+2*+50+90+147

st3t3 +?+F —

==
1 2 3 4 5
5+;;+5+ﬁ+-1_3..
11 1 1 1

i+1+13 +- oy



12.
13.
14.

S

™ 0

o

SR

10.
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2 4 8
§+§+E+_+— =

243
9—|—9+64-}-69a—|—7776
stoto et

Exercise 205

1=31l. 4 d=5. 7. a=—13% 10. 304 feet.
n=_§. 5. 1=19}. 8 d=-—38. 11, 5, 8, 11, 14.
a=11. 6. n="T7. 9, 15 feet. 12. 47.

Exercise 206

7, 13, 19, 25, 31, 37, 43.

— 17, —1, 5, 11, 17, 23.

2, 21, 24, 2%, 3, 34, 34, 33, 4.
3a+4+b a+4+b a-3b

a! 4 ? 2 b ] 4 t ]

a—+b 91. 3z -+ 2y 7. Every 1% inches,
9 17 2 8. 9 and 15.

Exercise 207

d=3, s=100. 5 d=2§5, =25

n=9, $=99, 6. n=6, =20

n=T, d=—3. 7. a=—25H, s=—124

=26, s=51. 8. a=%, d=3.

When =2, a=10; when 2=6, a=— 6.

5} 43 11 192 feet.
37 3 12, 400 feet, 1,024 feet, 16¢> feet.

a=—
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log

?

its
which is an arithmetic series with log a for
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Exercise 208

384. 4, a=
405. ,
l=—512. 5

3, =6, 12, + 24 48.

_,__...

SRR

. =

TR
series &
The logarithms of the terms of a geometrie

n‘));
(loga+logr), (loga -+ 2logr), (]Orr"—}—Blofmi

term and log » for its difference,

8.

10.

Noeo hw D

Logl=loga +(n—1) logr.

ol — log
Solving for n, gives n=]_0°_].___ + 1.
log » 30
¥ 11, .012175.  13. $131.80
3 159.2
2:37=258-10°, 12, $2.01. 14. %
Exercise 209
__S?‘ — 8
e
a=rlt g rs, R k) lzsr__iﬂ-
s—1" r
$=2955.
$ =363, 27 —1
9. 4
$=39 + 39\/3. x—1
3 =88, 10 41
21 " b1
T 11. $40.95.
8 12. 88.,572.
§=T3 - i

9
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Exercise 210

& 3 6 124+6v2 10, . 14 2.
3. 2. = 11 37
"5 4(6+2v3) 12, 8. 160
fy ——a— 15; —
4, 81. 3 1 111
13. 5—.
L RS 30  16. 180 feet.
l—x 17. 60 in.
Exercise 211
1. Yes. 3. 100500.
2. E, E:‘, EI?"'!, ... is a Q. P, 4, 122,
n’ n on
5. =7 T.I!: _Q_I” 2}1 7.'!
2041 oo A
6. s= 5 — (@+41) which is divisible by 2 - 1.
- N 8. 3267.
$ § == 2 , — 2 =n°,
is 2{ +(n—1)2]=n 9. 8.
10. r==+2,  13. 255, 16. 5, 10, and 15.
11. 3906. 14. 363. 17. $1,216.
12. d=3. 16. 12, — G, and 3. 18. 220.
19. Let a=a, ar=0, and ar*=c.
Th 1 1 1 . d
= ——— i m—— an
i b—a ar—a’ 20 2ar
1 1

b—c¢ ar—w*

, given L. C. D,,

1 1
Now y =, and — -
ar —a - 2ar ar — ar*

2r r—1
) 4
2ar(r —1) ’ 2ar(r — 1)

nd

become

— =  which is an A. P.
2ar(r—1)
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20.
21,
22.

23.
24.

31,

&»

10.

11.

12,

13.

SECOND COURSE IN ALGEBRA

Second plan by $12.50. 26. 15 ”'e(foudb'

391 miles. 27. 39.4 feet.

23400 feet. 28. 6 seconds.

2900 feet. 29. 72 inches.

578.88 feet, 2315.52 feot. ” ( 2 ) ;
" 10

Twenty digits. 1837 10,

Exercise 219

a® — 6ah + 15a4): — 20a*b* + 15a*b* — 6ab® + i
T+ Taty - 21ty 850y 4 350yt 21y’
Toy® 4 y7. .
8 — 87y + 288y — 56z%y* ++ T0xty* — H6L°Y° .5
28z2y8 8zy™ 4y, '

162% 4 9627y 4 916,22 + 216zy® 4 81y*.

2430° — 810a'h +- 1080432 _ 720a2)° + 240ab* —
325,

32019 - 240,82 =+ T200%m* + 10800 m® -+
810n2ms -+ 243mo,

812® — 54020y 4 1350402 _ 1500z%y* + 625"
S43E" — 882R*r 4 T8GR _ 97,3

243m 105 1620ment 4 4390995 — 5760m*n* +
3840m2y, — 1024,

12962412 _ 1728abaiy® | gqq1p252ye —
192a°D%cys 4 1645y,

16z* 16y 4 6z2y2 | zy® + %)

8 3ma? Im2y

i m*
yﬂ ,ny-_z ’H":’y F
8 4zt 4yt ye
oyl of | + =
¥y A



B o

o
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Exercise 213

462a°b°. 4, 22680n*m?®. 6 189a*ys

P05 ' 32
1922°". & o404,

403241, T — 50

Exercise 214

a® — 8a’b -+ 28a°b* — 56a°0° ----,
1—_1;—[—;.32_1;3...._
1+2J3+3.E"'—i—4.z3---.

—-+,..[+
£

g zt

1024210 4+ 51202%y -+ 115202%y* 4 15360z7y° --- .
312521 -+ 9375250 - 11250.°0° 4 67502*D° - --- .

5
R P |
— 80642y, 16, —15®
429z
7185024z%y°. Wy —
92
32x°. 17. 14 —3a* -,

49



10.

15,

16,

=

© O NDOR WD

FPOeOwoNe o pope
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Exercise 216

(@ —2)(z+2)(x —3).

(z —5) (2 +2) (¢ 4 1).

(€ — 8 —5b) (a — 8 4 50).
(e+1) (20— 8) (¢ — 3).

(@ +ab + ) (a2 — qp + 2).

(z° + 2z 4 3)
4a® — 2gb 4 p®

0.
3z -+ 4dg

—_—
r—q

N (4 + u2)
ab(:ra-{-,,)w D)
28 el

37

(2* — 2z 4 3).,

@ (a? 4 2ry + 20°)

11. “
(e —-1)"
I o
a* -+ 1

at — 2t — 41 _
- 2 —gp—1
@ =81
@* —4a +1
m* — m l.

2m — 1

17

18,

Exercise 217

2 a
18, g N* @
e 32 20. 1L
48
13. ([:-_1._. .Ti(_‘j_',’_'..
T P 21 2%
s =8, & 52
15‘ a':;lj-a'. E{i;'_l"_l:_‘
ig' o=t Sl
T e a
18, zo'—pi_g+p 23, 2°
L 24, @b
19./;:7:?_ ol
26, zo*?.



26.
a7.
28.

34,

35.
39.

41.

43.

45.

47,

49,

50.

51.
52.

SECOND COURSE IN ALGEBRA
prabe, kil —
il 99, aa 31. 9\/3.
Q2% =Ty ~ 42, 2 i
ye 33 20
30. 5. " 99
atx® 36. .3.
a* — 3ax - Yz* 37. 1
1 -I— @ + a® ) 38. 1 .
al 4096
a*® — 3Jaq* + 3% — g3, 40. 59.
= — 34 —
4 4+ 16+/2 4 3+/30 £l \/15.
Ve —1—a+1
(e +13)\/e + 1 — 6a — 14. i 52 — 7/10

1476

B—VDVZ+VIVT o V—3+2V3
e . .

6

@+VE—V5—V2) @B+ VID)
» 4

(B+v2) (V3+V2—V3)V2
2

gi—9n/B, %'L+v:?_
(VIB+4/3)(V34+1) g
2 14+2n/—2
54, 3
2/ 2Ta*b®. it
31— V=1
VA, R



)

w

56.

58.

59.

61.
63.
64.

65.

69.

11,
12.

[y
SO® um R
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VEHVIELVIT-VE o s oy
2

&

B —a\y—2z—a\/z—y+(y— z)\/j-

L | -
LTy —=z

sl 6t — mry/ =T+ 2

13 60, 4n® 4 n?
2 = T
0= - 2g-% — 3, 62. 2 — 30— ¢* + 2.
i3 1 aE
" —aw 4 RaPp-2 — g g~
: 1
@ —fa*4-q— —.
Wre—g
7 22 e
731, act 68. —
66. .97. 67. P 2
2a 2 —_— =3
D A O SN

2ab

Exercise 218

T _3+5
N=— 5 6 = 1, = Z_F___‘)_____—
3’)—1,1-_—__1_ 2 \//7
R 5= Vo
=4, v a=2, G a:___,é/
6:4, 3
'T:'l"r 3::5. 13. :21:2, £L=._2
r=3 14, 5=3
I:_E . 7;‘;’.

7 15, z=—-
.I‘:—3’ .’I‘:——_{. < 9

9 16. No root.
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1 . =2, ':1,'3,_ 3
ik 5 v J3 28, a=8, a-=_3i.
19 .’L‘:-'-J- €r=— 125
3’ 2 29, a=8, a=1
21. Tr=09.
. 5 L § 30. .E:-li x:_%.
22, 3;:--‘- a 2a
: B, g 2
23- .‘C*—"3, {U:4:_ . :ﬂ—a ﬂ’;:_..z..
24. .1:1. 32. J=%, x:.-%.
25, x= 4: z=—1 n I
26. x=25. B — ' _i'
27. =1 33, r=m —mn, .,c_m
6 2
34. :E:—,x:_}.’ .,b:é = e
a a (42 1]
Exercise 219
art 51 — 160 i e
' = — W oo 3. Peie 7S,
el et (“ 9 =R
9 ™
. l: _1 d'.
4 @+ a1

5 _logi_—loga 1
s e 8. v=+/2¢s.

log r
1(1 — ) 9. x=6.950, x=— 1.689.
B.. S — g — 10. 50.71.
) (1 —17)
11, 3.1416.

_ =gk Vot 4 2gs 12, 5354,

7. ¢
g
13. (a — b) (a* + ab + b*) (a* 4 @b 4 a°b* + ab® 4- b*)
@ — a'b 4 a?b* — a'b* 4 a’b® — ab’ 4 bF).
14, z=2, y=3. 15, z=7, y=—>5. 16. 7, 9, 11, 13.
17. 5 nickels, 7 dimes, and 8 quarters.
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« rafe
; ! miles per hour, Td
18. Rate of boat in still water 8 miles per i
of stream 4 miles per hour.

19.
20.
21.
24.

25.
27.
28.

29,
30.

35,
36.
39.

36' 0 T Te 1(].

50 lbs. from the first, 40 1bs. t1'01.11 the hL;gl 12, 9.
50 cents per hour. 22, 2160 i<_‘t‘1- :

Rates 12 and 18, distance 120 miles.

$9,000 at 3%, $8,000 at 4%.  26. 27, 48
Ain 6, Bin 12, C in 8 days. . ‘

8 years. 31. Apothem =11.412 11101_185:]185_
11 Area =423.16 square inC
14 32. T} seconds.

7.416. 33. 5.89 seconds.

At 11 A. M. and 4 P. M.

o0 feet.
0. ST 860. 88 15,16, and 20 F0 )
Of wagon wheels, 12 and 15 feet; of truc

10 and 12 feet.

64 100
40, At 5 by .0361; at

41. Widths of field
rods, and 21.034 rods.
42. 85.323 square feet,
43. 19845 Square feet,

, .00622.

20,298
s 19.033 rods, 19.635 rods,

44, »=.618.
45. BD =3.1415r.

Exercise 222

1. =3, w=-—-313\/—3.

2

2. 22, 8=—2 4oy 9o /=T

3. z=—2 ﬂ::]-i\/__g'

/3’

i o3 oS dET _3';:,?&/'
=0, L=—uu-— ¥ Y

9 ,,’L‘:—3,£C— 2

I
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3 3+=3\/—3
5. P==— =4, f=—— e
2 4
6. r=x2v/—-1, z=83x\/—1, 2=—3++/—1
Exercise 223
2. « 8. 0. 13, 4.
4, 0. 9, 2. 15, 9.
5, 0, 10. 0. 16. 1.
6. 0. 11, . 17.. 11.
7. . 12, «. 18. 0.

Exercise 224

= a
1. sin A=—=cos B.
C

2. The hypotenuse is the longest side of a right triangle
. both sine and cosine of an acute triangle are less than 1.
The tangent may have any value.
3. The greater angle will have the greater sine and
the greater tangent but the smaller cosine,
4, 45°, tan 45°=1.
9. A=52°, ¢=2157. b=13.28.
10. A= 600, B :300, a=31.176.
11, B=67°, a=29.326, b =38.975.
12, A =47°, ¢=6.68, ¢=9.13. 13. 31.043 feet.
14, 327.1 feet. 15. 172.5 feet.
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